
Master Thesis

Distinguishing Spins in Decay Chains with
Photons

Author: A. Landwehr
Supervisor: D. Wyler, A. Freitas

2008-03-11

Abstract
There are several alternatives for extending physics beyond the Stan-

dard Model. The two most prominent examples are supersymmetry (SUSY)
and universal extra dimensions (UED). These models predict new parti-
cles, which di�er in mass spectra and spin and may provide us with a
suitable dark matter candidate.

If new particles are discovered at the LHC, it will be vital to measure
their spins, in order to distinguish SUSY from UED. In this thesis we
concentrate on gauge mediated SUSY breaking (GMSB) and 2 universal
extra dimensions (2UED). These models lead to decay chains involving
leptons and photons. As proposed by Barr [1] we investigate the invariant
mass distributions for the di�erent decay products for sample mass spectra
of both GMSB and 2UED. In order to extend this analysis in a more
model-independent way we investigated all possible spin assignments.

For a typical hierarchichal GMSB mass spectrum a χ2 analysis gives
a good chance of distinguishing the two models at the LHC. However for
a degenerate 2UED mass spectrum it would be more di�cult to observe
spin correlations.
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Chapter 1

Introduction

The Electroweak Standard Model (SM) includes all the known elementary par-
ticles and describes their interactions (i.e. the electric, weak and strong forces).
The only exception is gravity, which, from a phenomenological point of view, is
irrelevant, since the gravitational force is orders of magnitude weaker than the
other forces and so is its e�ect on the observable quantities. This is re�ected
by high energy experiments, which show high agreement between theory and
experiment.

Although the SM is experimentally successfull it has some theoretical short-
comings. One is the large number of free parameters, in the SM 19 � although
some extensions to the SM introduce even more free parameters. Another mys-
tery is their scale compared to the one of gravity � why is gravity so weak?
Why are there three generations of particles?

There are candidates for a fundamental description of elementary particles,
for instance Superstring theory. However these theories are far from predicting
measurable results and it is questionable whether they really will be THE fun-
damental theory, irrespective to the fact that it might not even exist. Anyways,
in quest of such a theory - whether we will ever �nd it is another story - it is
reasonable to concentrate on few shortcomings and not burden oneself with the
task of �nding a �nal description of the universe. This is the way embarked by
the di�erent extensions to the SM. Tackling some of this de�ciencies gives us
a deeper insight into nature and gives us hints how such a fundamental theory
might look like.

In string theory for instance space time is supersymmetric. Herefore it makes
sense to consider supersymmetric extensions of the SM. If we gain insights about
supersymmetry for example through collider experiments, that could give us
clues about the underlying string theory. This applies also to other extensions
such as extra dimensions.

As a matter of fact these extensions often predict new particles which might
have an impact on future high energy experiments such as the LHC. The spin
of these new particles gives us important information about the extensions and
so maybe about the fundamental theory. It is therefore sensible to inspect
measurable quantities which are sensible to the spin of these new particles. In
this thesis we consider exemplary one supersymmetric and one extra dimensional
theory - gauge mediated supersymmetry breaking (GMSB) and two universal
extra dimensions (2UED). In these two models the spins of the new particles
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di�er by a value of 1/2. Another specialty of these models is that the last decay
of the whole decay chain of these new particles contains a photon which is very
useful to separate these events from the usual Standard Model background.

Suited quantities to observe spin e�ects in colliders are invariant mass dis-
tributions. Some groups studied decays of the quark partner with one outgoing
quark and two outgoing leptons where they constructed di�erent invariant mass
distributions from these decay products. Since in the models we are inspecting,
a photon is emitted, we study invariant mass distributions constructed from one
photon and two leptons.

In a �rst step we calculated these di�erent mass distributions analytically,
which could be useful to �t the values of the new particles masses to measured
distributions. Next we generated Monte Carlo events with the parton level
generator CompHEP. In order to distinguish the di�erent spin con�gurations,
we generated histograms for the di�erent invariant masses and compared them
with the χ2 test. In real-life experiments such as the LHC diverse e�ects tend to
wash out these invariant mass distributions. Thus, at last we have to calculate
these distributions with the Monte Carlo generator Pythia and include detector
e�ects with ATLFAST. This has not been accomplished within the period of
this master thesis.
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Chapter 2

Theoretical Prelude

2.1 The Standard Model
The SM is described by a Lagrangian L which contains �elds for all elementary
particles. There are two fundamentally di�erent sorts of particles, fermions and
bosons. The former are described by spinors Ψ and latter come into play if we
require invariance under a local gauge symmetry and are described by a vector
Aµ. The gauge symmetry of the Standard model is SU(3)c × SU(2)L ×U(1)Y .
The subscript c denotes that this symmetry acts on colored spinors, i.e. SU(3)
triplets, L denotes that the symmetry only acts on left handed spinors which are
aligned in SU(2) doublets, right handed ones are SU(2) singlets and Y the weak
hypercharge. To express this in a more formal way let us de�ne the projection
operators

PR/L =
1
2
(1± γ5). (2.1)

Then the right-/left-handed spinors are ΨR = PRΨ and ΨL = PLΨ. For further
convenience we will just stick to the SU(2)× U(1) case. Table 2.1 lists all SM
fermionic particles. The left-handed particles are aligned in SU(2) dublets, the
right-handed ones in singlets.

I3 Y Q

L =
(

νe
e−

)

L

(
νµ
µ−

)

L

(
ντ
τ−

)

L

1/2
−1/2

−1
−1

0
−1

eR µR τR 0 −2 −1

Q =
(
u
d

)

L

(
c
s

)

L

(
t
b

)

L

1/2
−1/2

1/3
1/3

2/3
−1/3

uR cR tR 0 4/3 2/3
dR sR bR 0 −2/3 −1/3

Table 2.1: Fermions described by the SM and their quantum numbers

Then the free Dirac equation reads

L =
∑

i
[
Q̄/∂

(L)
Q+ ūR /∂uR + d̄R /∂dR + L̄/∂

(L)
L+ ēR /∂eR

]
, (2.2)
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where summation runs over the three families. Interactions emerge if we require
invariance under local gauge transformations. As mentioned before left handed
spinors have to be invariant under SU(2)×U(1), right handed ones under U(1).
Mathematically a local gauge transformation is a map Ψ → eiT

aαa(x)Ψ where T a
are the generators of the Lie group and αa(x) are scalar functions of space-time.
In our case we have the following transformations:

L −→ eiT
aαa(x)eiŷβ(x)L,

eR −→ eiŷβ(x)eR, (2.3)
T a = τa/2 are the SU(2) generators and ŷ is the hypercharge operator. In order
to construct local gauge invariance under these groups we have to perform the
replacements

∂(L)
µ −→ D(L)

µ = ∂µ + igT aW a
µ + ig′ŷBµ,

∂µ −→ Dµ = ∂µ + ig′ŷBµ. (2.4)
W a
µ and Bµ are the gauge �elds, they transform as

W a
µ −→W ′a

µ = W a
µ − εabcαbW c

µ −
1
g′
∂µβ,

Bµ −→ B′µ = Bµ − 1
g′
∂µβ. (2.5)

If we want to regard these �elds as physical objects, we have to add a term
corresponding to their kinetic energy to the Lagrangian. So we de�ne the �eld
strength tensors

Bµν = ∂µBν − ∂νBµ,

W a
µν = ∂µW

a
ν − ∂νW

a
µ + gεabcW b

µW
c
ν . (2.6)

The complete Lagrangian then is

L =
∑

families

i
[
Q̄ /D

(L)
Q+ ūR /DuR + d̄R /DdR + L̄ /D

(L)
L+ ēR /DeR

]

− 1
4
BµνB

µν − 1
4
W a
µνW

aµν . (2.7)

The physical �elds are linear combinations of the gauge �elds and are obtained
by

W±
µ =

1√
2
(W 1

µ ± iW 2
µ),

(
Zµ
Aµ

)
=

(
cosθW sinθW
−sinθW cosθW

)
, (2.8)

where θW is the Weinberg angle. The relation between the electric charge, the
hypercharge and the weak isospin turns out to be

Q = T 3 +
y

2
. (2.9)

So far we have only considered massless particles. Introducing fermion mass
terms ∼ mΨ̄Ψ = m(Ψ̄RΨL+Ψ̄LΨR) and boson mass terms ∼ 1

2m
2BµB

µ would
break gauge invariance. In order to describe massive particles we have to intro-
duce a new scalar �eld, the Higgs �eld.
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2.1.1 The Higgs Mechanism
The recipe is to introduce a Lagrangian L = T − V for a scalar SU(2) doublet
Φ =

(
φ+

φ0

)
which is invariant under SU(2)L × U(1)Y . In order to produce the

right mass terms the ground state of the scalar potential V has to break the
SU(2)L × U(1)Y symmetry down to U(1)em ⊂ SU(2)L × U(1)Y such that the
photon remains massless. This is achieved in choosing the following Lagrangian:

L = (DµΦ†)(DµΦ)− µ2Φ†Φ + λ(Φ†Φ)2. (2.10)

We choose λ > 0 to avoid instability at large values of the �eld. For µ2 > 0
the ground state is obtained with the �eld being zero 〈Φ〉 = 0 and is invariant
under SU(2)L ×U(1)Y . On the other hand if µ2 < 0 the ground state is not at
〈Φ〉 = 0 but its reached at 〈Φ〉 =

√
−µ2/2λ ≡ v/

√
2, hence it is not invariant

under SU(2)L × U(1)Y anymore. In order to keep the photon massless we
choose Φ to have the hypercharge y = 1. With relation (2.9) we note that φ+

has the electric charge Q = +1 and φ0 is electrically neutral. Using an SU(2)
rotation, we have the freedom to choose the ground state Φ =

(
0

v/
√

2

)
, which

makes the invariance under U(1)em explicit. Inserting this into the Lagrangian
(2.10) and using the transformation property of the Higgs �eld, the W± and Z
gauge bosons acquire masses

MW =
vg

2
,

MZ =
vg

2cosθW
. (2.11)

In order to expand the Lagrangian about the ground state we write the Higgs-
doublet �eld as

Φ(x) =
(

G+(x)
1
2 (v + h(x) + iG0(x))

)
. (2.12)

The �elds G+ and G0 are unphysical degrees of freedom � the would-be Gold-
stone bosons � and can be eliminated by applying a speci�c gauge transforma-
tion. However, h(x) is a physical �eld with mass

Mh =
√
−2µ2 (2.13)

and gives rise to the physical Higgs boson.
For the fermion masses we have to introduce Yukawa couplings between the

spinors and the scalar Higgs �eld which turn out to be mass terms when the
Higgs �eld acquires the vacuum expectation value (VEV). Physically speaking,
fermions get mass through interactions with a scalar �eld which �lls the complete
space.

Another point is the mixing between the di�erent �avors. For instance, if
we write down the most general Yukawa term for the quarks we end up with

∑

i

cik(ūiL, d̄iL)
(
φ+

φ0

)
dkR (2.14)

where summation goes over the di�erent families. cik are some further arbitrary
constants added to the Lagrangian.
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2.2 Theoretical Issues
In high energy experiments the SM shows very high agreement with experimen-
tal data. However, from cosmological observations (such as galactic rotation
curves, structure formation and gravitational lensing) we assume that the space
is �lled with 22% by dark matter and only 4% by baryons. From a particle
physicists point of view, it would be desirable to describe dark matter in the
framework of elementary particles.

On the other hand the SM is also not completely satisfactory from a theo-
retical point of view. To name few issues:

• Inspecting the free parameters of the SM one counts 19. For a fundamental
theory of nature one may wish a smaller number.

• After symmetry breakdown the fermion mass terms have the form m =
c 〈Φ〉 = v√

2
, c being the Yukawa coupling and v = 246 GeV. Assuming the

natural value of the Yukawa coupling to be of order 1 we would expect
the fermion masses to be of order 100GeV which only applies for the top
quark mass mt = 175 GeV, all the other masses are orders of magnitudes
smaller. This constitutes the fermion mass hierarchy problem.

Lastly we would like to discuss a shortcoming envisaged by most extensions
to the SM: the gauge hierarchy problem, mostly just called hierarchy problem.

2.2.1 Naturalness and the Hierarchy Problem
For the next thought it will su�ce to consider a spinor (ψ) and a scalar (S) �eld
interacting through a Yukawa term. Thus our Lagrangian is

L1 = ψ̄
(
i/∂ −mF

)
ψ +

1
2
(∂µS)(∂µS)− 1

2
m2
SS

2 − λF
2
Sψ̄ψ (2.15)

Considering the boson mass correction to the �rst order we have to calculate
the Feynman diagram pictured in Figure (2.1).

δm2
S = −

(
−iλF

2

)2 ∫ Λ d4l

(2π)4
Tr

[
i(/l +m)i(/p− /l +m)

]

(l2 −m2)((p− l)2 −m2)

= − λ2
F

8π2

(
Λ2 −m2

F log
Λ2

m2
F

)
(2.16)

Accordingly in the SM the Higgs boson mass receives the following one-loop

Figure 2.1: One-loop contribution to the boson mass in a theory with one spinor
and one real scalar �eld.
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correction

δM2
h =

3Λ2

8π2v2

(
(4m2

t − 2M2
W −M2

Z −M2
h)

)
+O

(
log

Λ
µ

)
(2.17)

Λ is the momentum cuto� used to regulate the loop integral, it should be inter-
preted as an energy scale at which new physics enters to alter the high energy
behavior of the theory. If we assume Λ to be of order MP ∼ 1019 GeV and we
plugMh ∼ 100GeV we see that δM2

h is some 30 orders of magnitude larger than
the actual Higgs mass. This means that we have to adjust the bare Higgs mass
M2
h in the SM Lagrangian to one part in 1030 what seems rather unnatural and

is called the (gauge) hierarchy problem. Simply speaking, the Higgs mass which
is of order the weak scale (∼ 100GeV) receives corrections of order the Planck
scale. So we are tempted to ask: why is the weak scale so much smaller than
the Planck scale?

2.2.2 Possible Solutions to the Gauge Hierarchy Problem
Inspecting eq. (2.16) we have two possibilities to cure the Hierarchy problem.
The �rst one is to add further contributions which cancel with the SM terms
and the Higgs mass thus will be stabilized. This approach will lead us to Super-
symmetric (SUSY) theories1. On the other hand one can pursue the question
why the weak and Planck scales are so widely separated. Herefore we �nd nice
answers in Extra Dimensional (XD) theories.

Tackling the Hierarchy Problem with Supersymmetry
Let us return to the simple Lagrangian in eq. (2.15) where we have only one
spinor and one real scalar �eld and add another Lagrangian containing one
complex scalar �eld Φ = φ1 + iφ2 interacting with the real one:

L2 = (∂µφ1)(∂µφ1) + (∂µφ2)(∂µφ2)−m2
φ(φ

2
1 + φ2

2) +
λS
2
S2(φ2

1 + φ2
2) (2.18)

If we now calculate the S mass correction for the total Lagrangian Ltot = L1+L2

we get the same term as in (2.16) but in addition we have to calculate the
Feynman diagram �g. 2.2 which results in

δm′2
S = +

λ2
S

8π2

(
Λ2 −m2

φlog
Λ2

m2
φ

)
(2.19)

Adding the two corrections together we get

δm2
S |tot = δm2

S + δm′2
S =

1
8π2

(
Λ2(λ2

S − λ2
F )

−m2
φlog

Λ2

m2
φ

+m2
F log

Λ2

m2
F

)
(2.20)

1Primarily Supersymmetry was not introduced to cure the Hierarchy problem. In fact it
was considered much more due to symmetry reasons and it was later noticed that it solves
the Hierarchy problem.
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Requiring the couplings to be equal λS = λF we see that the quadratic diver-
gences vanish. On the other hand, assuming the real scalar mass to be of order
of the weak scale (mS ∼ O(100GeV)), the mass of the complex scalar has to be
in the TeV range (mφ ≤ O(TeV)) in order to keep the logarithmic divergences
small.

Figure 2.2: Further one-loop contribution to the boson mass if a complex scalar
�eld is added.

This is exactly what SUSY models achieve: they introduce a new symmetry
between bosons and fermions and so double the particle spectrum (i.e. to each
fermionic �eld a bosonic �eld is added and vice versa), keeping the fermionic
and bosonic couplings equal. Since we have not observed any SUSY particle yet
SUSY must be broken and the superpartners have to be heavier than the SM
particles. Here the latter condition gives us some bounds on the SUSY breaking
mechanisms.

Tackling the Hierarchy Problem with Extra Dimensions
Let us assume the universe has 4 + n dimensions where n is the number of the
compact extra dimensions. The higher dimensional Einstein-Hilbert action is
then given by

S4+n = −M2+n
∗

∫
d4+nx

√
g(4+n)R(4+n), (2.21)

where M∗ denotes the fundamental Planck mass, g(4+n) and R(4+n) the 4 + n
dimensional metric respectively Ricci tensor. We now want to know how this is
related to the usual 4 dimensional action

S4 = −M2
P

∫
d4x

√
g(4)R(4). (2.22)

Especially we are interested in the relation between the fundamental Planck
mass M∗ and the 4 dimensional one MP ∼ 1019 GeV. To do so we take the line
element as

ds2 = (ηµν + hµν)dxµdxν − r2dΩ2
(n), (2.23)

where xµ is the 4-dimensional coordinate, hµν a small �uctuation around ηµν =
diag(1,−1,−1,−1) and r2dΩ2

(n) describes the line element of the XDs. With it
the quantities appearing in S4+n can be calculated

√
g(4+n) = rn

√
g(4), R(4+n) = R(4). (2.24)
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This said we can calculate the 4 + n dimensional action

S4+n = −M2+n
∗

∫
d4+nx

√
g(4+n)R(4+n)

= −M2+n
∗

∫
rndΩ(n)

∫
d4x

√
g(4)R(4)

= M2+n
∗ V(n)M

−2
P S4, (2.25)

r is the compacti�cation radius and so V(n) = (2πr)n is the volume of the extra
dimensions. Requiring the 4-dimensional and 4 + n-dimensional actions to be
equal we �nd the desired relation between the di�erent Planck masses

M2
P = M2+n

∗ V(n). (2.26)

Thus the 4 dimensional Planck mass is a derived quantity determinded by the
fundamental mass M∗ and the volume V(n) of the XDs. For instance having in
mind solving the hierarchy problem we could chooseM∗ ∼ O(1 TeV). For n = 1
we get that the compacti�cation radius of the extra dimensions is r ∼ O(108 km)
which is certainly excluded. Taking n = 2 we have r ∼ O(1mm) what is in the
reach of todays Cavendish type experiments [2]. For n > 3 the radius needs to
be r < 10−6 mm which is not going to be reached by gravity experiments any
time soon.

In the extra dimensional models �ne tuning of the Higgs mass is resolved by
lowering the mass scale for new physics: A fundamental mass scale of ∼ 1TeV
can produce a Planck mass of the actual size. Recently, the interesting features
of extra-dimensional models have spurred research in a larger class of models
where the extra dimension(s) can be much smaller, of order TeV−1. While
these models do not o�er a straightforeward solution to the hierarchy problem,
they still have many interesting phenomenological consequences, as discussed in
section 2.3.4.

2.3 Supersymmetry
As a matter of fact SUSY was not introduced to solve specially the hierarchy
problem. As its name suggests it can be constructed by symmetry arguments.
The stumbling block was the no-go theorem by Coleman and Mandula [3] which
could be rephrased in a non-technical way as [4]:

The only conserved charges which transform as tensors under the
Lorentz group are:

• Pµ, the generators of translation,
• Mµν , the generators of Lorentz transformations.

They obey the following commutation relations:

[Pµ, Pν ] = 0,
[Pµ,Mρσ] = i(gµρPσ − gµσPρ),
[Mµν ,Mρσ] = i(gνρMµσ − gνσMµρ − gµρMνσ + gµσMνρ). (2.27)
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However there is a possibility to evade the Coleman Mandula theorem, since
their argument turns out to not exclude charges which transform under Lorentz
transformations as spinors, that is to say as a fermionic �eld Ψ. We denote such
a charge as Qr where the index r denotes the spinor component. Acting on a
state of de�nite spin |J〉

we obtain

Qr|J
〉 ∼ |J ± 1/2

〉
. (2.28)

Now we already see that this charge switches between states of di�erent spins,
that is to say between bosons and fermions. Since these charges are fermionic
objects we expect them to obey some sort of anticommutation relations. The
commutator {Qr, Qs} is a symmetric combination of two spin 1/2 objects and
thus of spin 1 � it transforms as a vector under Lorentz transformations. With
Qa the commutator is also a conserved quantity and since it is of bosonic nature,
it underlies to the Coleman Mandula theorem. The only vector-like object is
Pµ and thus we expect a relation of the form {Qr, Qs} ∼ Pµ.

Let us now abandon this handwaving arguments and just list the SUSY
algebra. By convention we choose the charge Qα to be a two component Weyl
spinor. The SUSY algebra then extends the Poincaré algebra by

{Qα, Qβ} = {Q̄α̇, Q̄β̇} = 0,

{Qα, Q̄α̇} = 2σµαα̇Pµ,

[Qα, Pµ] =
[
Q̄α̇, P

µ
]

= 0,

[Qα,Mµν ] = i(σµν) β
α Qβ ,

[
Q̄α̇,M

µν
]

= i(σ̄µν)β̇α̇Q̄β̇ . (2.29)

σµ
αβ̇

are the Pauli matrices and σ̄µ are de�ned as σ̄µ αβ̇ = εα̇β̇εαβσµ
ββ̇

where εαβ ,
εα̇β̇ are the anisymmetric tensors (ε12 = ε1̇2̇ = 1). Further we use

σµν β
α =

1
4

(
σµαα̇σ̄

ν α̇β − σναα̇σ̄
µ α̇β

)
,

σµνα̇ β̇ =
1
4

(
σ̄µ αα̇σν

αβ̇
− σ̄ν αα̇σµ

αβ̇

)
. (2.30)

The one-particle states of a supersymmetric theory fall into irreducible rep-
resentations of of the SUSY algebra, called supermultiplets. Since a supermul-
tiplet is invariant under Qα it has to contain bosons and fermions. We list the
simplest case (called N = 1 supersymmetry) which also will be used to con-
struct the minimal supersymmetric extension to the Standard model (Minimal
Supersymmetric Model MSSM):

• chiral supermultiplet: [spin 0, spin 1/2]

• vector supermultiplet: [spin 1, spin 1/2]

Furthermore one can show that the number of fermionic degrees of freedom nF
matches the number of bosonic degrees of freedom nB . Under the gauge sym-
metries the particles in one supermultiplet all have the same quantum numbers
for these symmetries. So we have to introduce new particles (i.e. double the
particle spectrum): For each SM particle we have to introduce a new one with
the same gauge quantum numbers but with spin di�ering by ±1/2.
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Another problem is that the SUSY generator Qα commutes with the squared
mass operator PµPµ what leads immediately to the fact that particles in the
same supermultiplet have the same mass. Since we do not observe in nature a
bosonic particle with the same mass as a fermionic one we conclude that the
vacuum is not invariant under SUSY, i.e. it is spontaneously broken.

2.3.1 Chiral Supermultiplet
We are going to construct a supersymmetric Lagrangian with a Weyl spinor from
a top down approach. That means we are just going to state the supersymmetric
Lagrangian and transformations in order to see what it typically consists of.

The Lagrangian we are considering consists of complex scalar �elds φi and
a left-handed two component Weyl spinors ψi:

L = −∂µφi∗∂µφi − ψ†iiσ̄µ∂µψi. (2.31)

SUSY invariance means that the action S =
∫
d4xL is invariant under SUSY

transformations. Thus the Lagrangian has to be invariant up to a total deriva-
tive. This is ensured for the supersymmetry transformation

δφi = εψi, (2.32)
δ(ψi)r = i(σµε†)r∂µφi, (2.33)

where ε is the in�nitesimal Weyl spinor of the transformation. One can show
that in this case the SUSY algebra only closes if we require the on-shell condition.
In order to close the SUSY algebra even o�-shell we have to introduce new
complex scalar �elds Fi, which do not have a kinetic term.2 The Lagrangian
receives in addition a term F i∗Fi such that we end with

L = −∂µφi∗∂µφi − ψ†iiσ̄µ∂µψi + F i∗Fi. (2.34)

The transformation rule for ψi changes and Fi also transforms under supersym-
metry, thus

δ(ψi)r = i(σµε†)r∂µφi + εrFi,

δFi = iε†σ̄µ∂µψi. (2.35)

The next step is to introduce interactions with respect both renormalization
and invariance under SUSY transformation. The most general interaction La-
grangian respecting this is

Lint =
(
−1

2
W ijψiψj +W iFi

)
+ cc. ,

W ij = M ij + yijkφk,

W i = M ijφj +
1
2
yijkφjφk,

M ij = M ji. (2.36)
2This can also be exempli�ed by a handwaving argument: The LHS of transformation

(2.33) is a Weyl spinor and thus has four degrees of freedom (DOF) if we do not imply the
on-shell condition. The RHS contains a complex scalar �eld with two DOF. In order to have
the same amount of DOF on both sides we have to add a complex scalar �eld on the RHS
such that we have four DOF on both sides.
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M ij is a symmetric mass matrix for the fermion �elds and yijk is a Yukawa
coupling of a scalar φk and two fermions ψi, ψj that must be totally symmetric
under interchange of i, j, k. Introducing the superpotential W = 1

2M
ijφiφj +

1
6y
ijkφiφjφk we can write

W ij =
δ2W

δφiδφj
, W i =

δW

δφi
. (2.37)

Furthermore we can apply the Euler-Lagrange equation for the axillary �eld F
and obtain the equations of motion

Fi = −W ∗
i , F ∗i = −W i. (2.38)

Thus the �eld Fi can be expressed in terms of the superpotential of the scalar
�elds φi and we end up with

Lc = −∂µφ∗i∂µφi − V (φ, φ∗)− iψ†iσ̄µ∂µψi,

− 1
2

(
M ijψiψj + yijkφiφjφk + cc.

)
. (2.39)

V (φ, φ∗) is the scalar potential of the theory obtained from the term F ∗iFi

V (φ, φ∗) = M∗
ikM

kjφ∗iφj +
1
2
M iny∗jknφiφ

∗jφ∗k

+
1
2
M∗
iny

jknφ∗iφjφk +
1
4
yijny∗klnφiφjφ

∗kφ∗l. (2.40)

Since V is a sum of squares (V =
∑
i |Wi|2) it is always non-negative and the

potential is automatically bounded from below. It is noteworthy that we obtain
naturally a scalar potential that looks like the Higgs potential and Yukawa terms
for the fermions. Hence we do not have to insert them by hand as we had to in
the SM.

2.3.2 Gauge Supermultiplet
The propagating �elds in a gauge supermultiplet are a massless gauge boson Aaµ
and a two component Weyl fermion λar where the index a runs over the adjoint
representation of the gauge group and r is the spinor index. The in�nitesimal
gauge transformations then read

δgA
a
µ = ∂µΛa + gfabcAbµΛ

c,

δgλ
a
r = fabcλbrΛ

c, (2.41)

where Λa is an in�nitesimal gauge transformation parameter, g the gauge cou-
pling and fabc the structure constant of the gauge group. Aiming for the SUSY
transformation we again have to introduce an auxiliary �eld: The Weyl fermion
λar has to transform into the vector �eld Aaµ. In the general (o�-shell) case the
former has four DOF and the latter three, thus we have to introduce a real scalar
�eld Da, which also transforms as an adjoint of the gauge group. Therefore the
Lagrangian of the gauge supermultiplet is

Lg = −1
4
F aµνF

aµν − iλa†σ̄µDµλ
a +

1
2
(Da)2, (2.42)
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where F aµν is the �eld strength tensor and Dµ the covariant derivative:

F aµν = ∂µA
a
ν − ∂νA

a
µ + gfabcAbµA

c
ν ,

Dµλ
a = ∂µλ

a + gfabcAbµλ
c. (2.43)

The SUSY transformations of the �elds then are

δAaµ =
1√
2

(
ε†σ̄µλa + λ†σ̄µε

)
,

δλar =
i

2
√

2
(σµσ̄νε)rF aµν +

1√
2
εrD

a,

δDa =
i√
2

(
ε†σ̄µDµλ

a −Dµλ
a†σ̄µε

)
. (2.44)

The action obtained by integrating L is indeed invariant under these transfor-
mations. Now we are ready to couple the chiral to the gauge supermultiplet.

2.3.3 Coupling a Chiral to an Abelian Supermultiplet
Our goal is to construct a Lagrangian with both chiral and gauge supermulti-
plets. Let the chiral spinor ψi transform under a gauge group in a representation
with matrices T a satisfying

[
T a, T b

]
= ifabcT c. Since SUSY and gauge trans-

formations commute, the scalar φi and auxiliary �eld Fi must be in the same
representation, so

δgXi = igΛa(T aX)i, Xi = ψi, φi, Fi. (2.45)

In order to have a gauge invariant Lagrangian we have to replace the ordinary
derivatives with covariant ones: ∂µ −→ Dµ = ∂µ − igAaµT

a. This achieves the
coupling of the vector boson of the gauge supermultiplet Aaµ with the scalars
φi and fermions ψi of the chiral supermultiplet. Therefore it makes sense that
the gaugino λa and the axillary �eld Da also couple to the chiral fermions and
scalars. In fact the only renormalizable interaction terms are

(φ∗T aψ)λa, λa†(ψ†T aφ), (φ∗T aφ)Da. (2.46)

The couplings for these terms have to be chosen such that the Lagrangian stays
invariant up to a total derivative. The SUSY transformations for the gauge
supermultiplet stay the same as (2.44) and the transformations for the chiral
supermultiplet have to be altered to

δφi = εψi,

δ(ψi)r = i(σµε†)rDµφi + εrFi,

δFi = iε†σ̄µDµψi +
√

2g(T aφ)iε†λa†. (2.47)

As a matter of fact these are the familiar transformations (2.32), (2.35) where
we have replaced the ordinary derivatives by covariant ones and added an ex-
tra term to δFi. The SUSY-invariant Lagrangian containing gauge and chiral
supermultiplets and the interactions (2.46) is

L = Lc + Lg −
√

2g(φ∗T aψ)λa −
√

2gλa†(ψ†T aφ) + g(φ∗T aφ)Da. (2.48)
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For the pure gauge supermultiplet Lagrangian (2.42), the equation of motion
for the Da-�eld results in Da = 0. However now the last term of (2.48) gives us
the following equation of motion

Da = −g(φ∗T aφ). (2.49)

As before with the �elds Fi we can express the �elds Da in terms of the scalar
�elds φ and add to the scalar potential (2.40). So we end with

V (φ, φ∗) = F i∗Fi +
1
2

∑
a

(Da)2 = W ∗
i W

i +
1
2

∑
a

g2
a(φ

∗T aφ)2. (2.50)

The �rst term is called �F-term� and the second one �D-term�. The former con-
tains Yukawa couplings and mass terms, the latter consists of gauge couplings.

2.3.4 The Minimal Supersymmetric Standard Model
So far we have presented the SUSY framework, now we have to insert the SM
particles and their superpartners. Since all particles in one supermultiplet must
have the same gauge quantum numbers we cannot construct supermultiplets
from SM particles alone. Thus to each SM particle we have to introduce a
new superpartner. As already mentioned the particles are aligned in chiral
supermultiplets (spin 0, spin 1/2) or gauge supermultiplets (spin 1, spin 1/2).
All SM fermions are members of the former. Since the left- and right-handed
components transform di�erently under SU(2) we have to treat the the two
parts as di�erent particles with their own partners. The names of the scalar
superpartners are constructed by prepending an �s� (e.g. the superpartner of
a quark is called squark). The symbols of the sfermions are the same as for
the corresponding fermions, but with a tilde (e.g. the superpartner of the left-
handed electron eL is denoted by ẽL)3. A further chiral supermultiplet consists
of the (spin-0) Higgs and (spin-1/2) higgsino. As we will see later there have
to be two Higgs supermultiplets denoted as (H̃u,Hu) and (H̃d,Hd) with weak
hypercharges Y = 1/2, Y = −1/2. The SM gauge bosons are aligned together
with their partners in gauge supermultiplets. Similarly, the names of the spin-
1/2 superpartners are obtained by appending �-ino� to the name of the SM
particle (e.g. gluon - gluino). The whole particle spectrum is presented in
tables 2.2 and 2.3.

Further we have to construct the superpotential W , where we have the re-
striction that it has to be invariant under gauge transformations. The MSSM
consists of the choice

W = ˜̄uyuQ̃H̃u − ˜̄dydQ̃H̃d − ˜̄eyeL̃H̃d + µH̃uH̃d. (2.51)

We have suppressed all of the gauge and family indices. For example the �rst
term can be written out as ˜̄uia(yu)ji Q̃jαa(H̃u)βεαβ where i, j are the family
indices, α, β the SU(2) indices and a the color index. The dimensionless Yukawa
couplings yu are 3 × 3 matrices in family space. The di�erent Yukawa and
interaction terms are then obtained with (2.51). Since W has to be an analytic

3One has to keep in mind that the index L in ẽL has nothing to do with the helicity of
the selectron (it is a spin-0 particle and has no helicity). In fact ẽL and ẽR are completely
di�erent particles.
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Name spin 0 spin 1/2 SU(3), SU(2), U(1)
squarks, quarks Q (ũL, d̃L) (uL, dL) (3,2, 1

6 )
ū ũ∗R u∗R (3̄,1,− 2

3 )
d̄ d̃∗R d†R (3̄,1, 1

3 )
sleptons, leptons L (ν̃L, ẽL) (νL, eL) (1,2,− 1

2 )
ē ẽ∗R e†R (1,1, 1)

Higgs, higgsinos Hu (H+
u ,H

0
u) (H̃+

u , H̃
0
u) (1,2, 1

2 )
Hd (H0

d ,H
+
u ) (H̃0

d , H̃
+
d ) (1,2,− 1

2 )

Table 2.2: Chiral supermultiplets

Name spin 1/2 spin 1 SU(3), SU(2), U(1)
gluino, gluon g̃ g (8,1, 0)

winos, W bosons W̃±, W̃ 0 W±, W 0 (1,3, 0)
bino, B boson B̃0 B0 (1,1, 0)

Table 2.3: Gauge supermultiplets

function of the scalar �elds we cannot add terms like ˜̄uQ̃H̃∗
d . In order to have

Yukawa terms for up- and down-quarks (and thus masses) we need two di�erent
Higgs �elds with Y = ±1/2.

For the superpotential we have not taken into account terms violating lepton
(L) or baryon number (B). Therefore one adds a new symmetry to the MSSM
which eliminates the possibility of any B- and L-violating terms, which is called
�R-parity�. R-parity is a multiplicatively conserved quantum number de�ned as

PR = (−1)3(B−L)+2s, (2.52)

where s is the spin of the particle. Now, all SM particles have R-parity PR = +1
and all SUSY particles have PR = −1. Thus every interaction vertex has to con-
tain an even number of SUSY particles. This has important phenomenological
consequences:

• The lightest supersymmetric particle (LSP) must be absolute stable. Thus
every sparticle other than the LSP decays to an odd number of LSPs. If
the LSP is electrically neutral, it interacts only weakly with SM particles
and is an attractive dark matter (DM) candidate.

• In collider experiments sparticles can only be produced pairwise.

2.3.5 Supersymmetry Breaking
Since no sparticle has yet been detected, they have to be more massive and thus
SUSY has to be broken. From a theoretical point of view the most elegant way
is to break SUSY spontaneously. That means that a vacuum state |0〉 is not
invariant under transformations Qα: Qα|0〉 6= 0. From eq. (2.29) it follows for
the Hamiltonian H

H = P0 =
1
4
(Q1Q

†
1 +Q†1Q1 +Q2Q

†
2 +Q†2Q2). (2.53)
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Thus, if the vacuum state is not invariant under SUSY transformations, the
vacuum has positive energy:

〈0|H|0〉 =
1
4
(‖Q†1|0〉‖2 + ‖Q1|0〉‖2 + ‖Q†2|0〉‖2 + ‖Q2|0〉‖2) > 0. (2.54)

Assuming the kinetic terms don't contribute in the vacuum, we can write
〈0|H|0〉 = 〈0|V |0〉, where V is the scalar potential (2.50). Thus in order to
break SUSY spontaneously Fi and Da must not vanish simultaneously in the
vacuum. So spontaneous SUSY breaking can be achieved by constructing mod-
els in which Fi = 0 and Da = 0 cannot hold for any �eld values simultaneously.
This leads to the two Fayet-Ilipopoulos (D-term) [5] and O'Raifeartaigh (F-term)
[6] breaking mechanisms.

As a matter of fact, simple D-term SUSY breaking models do not agree with
phenomenological data and F-term SUSY breaking requires us to extend the
MSSM. Therefore we need a heavier particle sector where SUSY is spontaneously
broken. This �hidden� sector and the �visible sector� of the MSSM do share
some interactions such that SUSY breaking can be communicated down to the
MSSM sector. There are two major candidates: Planck-scale-mediated and
gauge-mediated SUSY breaking (GMSB).

In the former the SUSY breaking sector connects with the MSSM sector
through non-renormalizable terms suppressed by powers of the Planck mass.
If the F -term of the hidden sector then acquires a VEV they constitute the
MSSM mass terms. On the other hand in GMSB models the ordinary gauge
interactions are responsible for the transport of SUSY breaking down to the
MSSM sector. This transport is provided by some new chiral supermultiplets,
called messengers, that couple to the breaking sector and indirectly to the MSSM
sector through ordinary SU(3) × SU(2) × U(1) gauge interactions. Gauginos
get their masses through one-loop Feynman graphs involving virtual messenger
particles, scalar particles acquire their masses in leading order through two-
loop Feynman graphs. The LSP in GMSB is the gravitino (G̃). Thus the
next-lightest SUSY particle decays into G̃, however, its lifetime is very model
dependent (O(µm) < cτ < O(km)).

Since we do not know how SUSY breaking exactly should be done, it is very
useful to just introduce extra terms that break SUSY explicitly. As we have seen
unbroken SUSY resolves the hierarchy problem by introducing scalars to each
spinor �eld and vice versa. Furthermore the dimensionless couplings have to
stay the same as it is required below (2.20). Thus the e�ective SUSY breaking
terms contain only couplings parameters with positive mass dimension and scale
of O(TeV), the Lagrangian is called to be softly broken.

2.3.6 Some Selected Phenomenological Aspects
SUSY Mass Spectrum
In the MSSM there are 33 masses corresponding to undiscovered particles (in-
cluding the gravitino). Assuming a speci�c SUSY breaking model one can com-
pute the masses in terms of few parameters4. A further important point is that
the higgsinos and charginos in the MSSM Lagrangian are no mass eigenstates:

4For instance the simplest gauge-mediated SUSY breaking model needs 6 parameters to
predict masses
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The neutral higgsinos (H̃0
u, H̃0

d) and neutral gauginos (B̃, W̃ 0) mix to mass
eigenstates called neutralinos (χ̃0

i , i = 1, 2, 3, 4) and the charged higgsinos (H̃+
u ,

H̃−
d ) and gauginos (W̃±) form mass eigenstates with charge ±1 and are called

charginos (χ̃±i , i = 1, 2). Generally sleptons and squarks do also appear in mixed
mass eigenstates. This implies however �avor mixing and/or CP-violation that
is severely restricted by experiment. In GMSB, sfermion �avor mixing and
CP phases are highly suppressed and the �rst two families (up, down, strange,
charm respectively electrons and muons) do not mix, only the third family mix
the �elds (t̃L, t̃R, b̃L, b̃R) to (t̃1, t̃2, t̃3, t̃4) and (τ̃L, τ̃R, ν̃τ ) to (τ̃1, τ̃2, ν̃τ )
respectively.

Our later analysis will be based on the G1a parameter point of [7], where
some phenomenological aspects of GMSB are discussed.

Sparticle mass [GeV] Sparticle mass [GeV]
g̃ 747
χ̃±1 223 χ̃±2 469
χ̃0

1 119 χ̃0
2 224

χ̃0
3 451 χ̃0

4 570
ũL 986 ũR 942
d̃L 989 d̃R 939
t̃1 846 t̃2 962
b̃1 935 b̃2 945
ẽL 326 ẽR 164
ν̃e 317 τ̃2 326
τ̃1 163 ν̃τ 316
h0 110 H0 557
A0 555 H± 562

Table 2.4: Masses of sparticles, in GeV, for the G1a point of [7]. Note that the
�rst and second generation squarks and sleptons are degenerate and thus are
not listed separately .

2.4 Universal Extra Dimensions
In universal extra dimensions (UED) [8] space-time consists of a 4-dimensional
Minkowski space and d compacti�ed dimensions. In the simplest case we have
one additional dimension that is compacti�ed to a circle. The total space-time
would then be understood to be the usual Minkowski space where at each point
a circle is placed. In contrast to other ED-models in UED all SM �elds do
propagate in this 4 + d-dimensional space. A 4-dimensional theory in the low-
energy limit is obtained by integrating over the d dimensions. Let us study this
for the simple case of one extra dimension compacti�ed on a circle of radius R.
Later we will see that compactifying on a circle will not lead to chiral fermions.
In order to get a chiral theory we will have to compactify on a circle where the
opposed points are identi�ed.
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2.4.1 Scalar Fields
The action S for a real scalar �eld φ in �ve �at dimensions is

S [φ] =
1
2

∫
d4xdy

(
∂Aφ∂Aφ−m2φ2

)
, (2.55)

where the index A goes from 0 to 3 + d = 4 and y denotes the compacti�ed
dimension. The compactness of the �fth dimension is re�ected in the periodicity
of the �eld: φ(y) = φ(y+2π). Thus we can expand the �fth dimension in Fourier
modes

φ(x, y) =
1√
2πR

φ0(x) +
∞∑
n=1

1√
πR

[
φn(x)cos

(ny
R

)
+ φ̂n(x)sin

(ny
R

)]
. (2.56)

The �rst term φ0 is called the zero mode, the other Fourier modes φn and φ̂n
are called the nth Kaluza-Klein (KK) modes. Plugging this expansion into the
action S gives

S [φ] =
∞∑
n=0

1
2

∫
d4x

(
∂µφn∂µφn −m2

nφ
2
n

)
+

∞∑
n=1

1
2

∫
d4x

(
∂µφ̂n∂µφ̂n −m2

nφ̂
2
n

)
,

(2.57)
where the KK-mass is given by m2

n = m2 +n2/R2. Thus in the e�ective theory
we end up with a in�nite tower of �elds with masses mn (spin and all quantum
numbers stay the same) whereas the odd �elds have no zero mode.

2.4.2 Spinor Fields
For the spinor �elds we �rst have to write down the �ve dimensional represen-
tation of the Poincare algebra ΓM where {ΓM ,ΓN} = 2ηMN . Now the algebra
involves more matrices than in four dimensions:

Γµ = γµ and Γ4 = iγ5. (2.58)

Analogously spinors Ψ are elements of the �ve dimensional representation space.
The Dirac equation for massless fermions is i∂MΓMΨ(x, y) = 0. Further γ5 is
the only matrix that anticommutes with all γµ and satis�es (γ5)2 = 1. Since
γ5 is now included in the �ve dimensional Cli�ord algebra one cannot de�ne
chiral spinors anymore. We will �x that by choosing a di�erent compacti�cation
manifold - namely U(1)/Z2 - that is a circle where the opposed points are
identi�ed. The action for a massless fermion is

S =
∫
d4xdyiΨ̄ΓA∂AΨ =

∫
d4xdy

[
iΨ̄γµ∂µΨ + Ψ̄γ5∂yΨ

]
. (2.59)

The spinor �eld can be decomposed in Fourier modes

Ψ(x, y) =
1√
2πR

Ψ(0)(x)

+
∞∑
n=1

1√
πR

[
Ψ(n)(x)cos

(ny
R

)
+ Ψ̂(n)(x)sin

(ny
R

)]
. (2.60)
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Plugging this expansion into eq. (2.59) gives us

S =
∫
d4x

{
iΨ̄(0)γµ∂µΨ(0) + i

∞∑
n=1

[
Ψ̄(n)γµ∂µΨ(n) + ¯̂Ψ(n)γµ∂µΨ̂(n)

+
n

R

(
Ψ̄(n)γ5Ψ̂(n)

) ]}
. (2.61)

Since we cannot de�ne projector operators anymore the theory consists of 4-
component spinors. Now if we choose to compactify the �fth dimension on
U(1)/Z2 we have to identify y and −y and impose that the Lagrangian is invari-
ant under the transformation P (Ψ)(xµ, y) = Ψ(xµ,−y): L(xµ, y) = L(xµ,−y).
In order to ensure the invariance of the Lagrangian the spinor �elds have to
transform as P (Ψ)(xµ, y) = γ5Ψ(xµ, y). Writing Ψ =

(
ψR

ψL

)
gives us the follow-

ing relation for the two component spinors ψL/R:

P (ψL) = ψL, P (ψR) = −ψR. (2.62)

If we now write out the Fourier decomposition of the Weyl spinors and impose
the above constraints we get

ψL(xµ, y) =
1√
2πR

ψ
(0)
L (x) +

∞∑
n=1

1√
πR

ψ
(n)
L (x)cos

(ny
R

)
,

ψR(xµ, y) =
∞∑
n=1

1√
πR

ψ
(n)
R (x)sin

(ny
R

)
(2.63)

Thus the right-handed spinor component has no zeroth mode and therefore at
lowest mode level the theory appears as if fermions were chiral. Analogously if
we want to compactify the scalar �eld on U(1)/Z2 we have to assign the parity
transformation P (Φ)(xµ, y) = ±Φ(xµ, y). Even (odd) �elds are only expanded
into cosine (sine) modes, thus the KK spectrum has only half of the modes and
odd �elds have no zero modes and thus do not appear in the low energy theory.

2.4.3 Gauge Fields
For simplicity we will only consider the case of a free gauge Abelian theory. As
usual the Lagrangian in �ve dimensions is

S = −
∫
d4xdy

1
4
FMNF

MN =
∫
d4xdy

{
−1

4
FµνF

µν +
1
2
Fµ5F

µ5

}
(2.64)

where FMN = ∂MAN−∂NAM and AM is the �ve component vector �eld. Again
we proceed by writing out the Fourier decomposition of the gauge �eld

AM (xµ, y) =
1√
2πR

A
(0)
M (xµ) +

∞∑
n=1

1√
πR

[
A

(n)
M (xµ)cos

(ny
R

)

+A(n)
M (xµ)sin

(ny
R

) ]
. (2.65)

Furthermore we can use that the Lagrangian is invariant under gauge trans-
formations AM → AM + ∂MΛ(xµ, y). After inserting the above expansion into
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(2.64) and compactifying on a circle one can choose a gauge such that the scalars
A

(n)
5 vanish for n ≥ 1 and only the zero component A(0)

5 remains.

S =
∫
d4x

{ ∞∑
n=0

[
−1

4
F (n)
µν F

(n)µν +
1
2

( n
R

)2

A(n)
µ A(n)µ +

1
2

(
∂µA

(0)
5

)2
]

+ (odd modes)
}

(2.66)

Now all the KK modes acquire mass by absorbing the scalars A(n)
5 , only the

zero mode stays massless. The last term represents a massless scalar �eld.
Nevertheless, compactifying on a U(1)/Z2 orbifold the extra degree of freedom
A

(0)
5 can be projected out, since A(0)

5 can be chosen to be an odd function under
y parity P .

2.4.4 Two Extra Dimensions and their Phenomenology
Until now we have just considered a simple model of one extra dimension. How-
ever later on we will examine two universal extra dimensions (2UED) [9, 10].
Here we will state some phenomenological consequences. Now the gauge �elds
have six components. Thus corresponding to each KK vector boson we have
two additional �elds. As in the �ve dimensional case one �eld gets eaten up
to give the KK gauge bosons mass. The other degree of freedom represents a
physical spin-0 particle transforming in the adjoint representation of the gauge
group, thus it is called spinless adjoint and denoted as A(m,n)

H for the (m,n)th
KK mode of the gauge �eld A(m,n)

µ . Since two extra dimensions have been com-
pacti�ed the EP now carry two indices (m,n). In our later analysis we will
concentrate on the (0, 1) KK-mode and simply denote it as the (1) mode.

Another important point is that momentum conservation in the compacti�ed
dimensions leads to what we call KK-parity conservation. KK-parity can simply
be written as P = (−1)(m+n) where (m,n) denote the (m,n)th KK mode. This
has similar consequences as R-parity conservation in SUSY:

• The lightest level-one KK particle (LKP) is stable and is a suitable DM
candidate;

• Odd level KK modes (especially the �rst one) can only be produced in
pairs.

Finally we present the mass spectrum of the �rst KK level. At tree-level the
masses of KK particles mKK are

m2
KK =

1
R2

+m2
SM (2.67)

where mSM is the mass of the Standard Model particle and R the compacti�-
cation radius. This suggests a high degeneracy for the KK excitations of light
SM particles. However, the radiative corrections [11] to the KK-masses are of-
ten much larger that the SM masses themselves. Without going through the
calculations we list the �rst KK level masses from [12, 13] in table 2.5. Further
phenomenological aspects of 2UED can be found in [12].

24



SM particle KK excitation MR

3rd generation quarks Q
(1)3
+ 1.265 + 1

2 (mtR)2

top quark T
(1)
− 1.252 + 1

2 (mtR)2

1/2nd generation quarks Q
(1)
+ 1.247

up/strange quark U
(1)
− 1.216

down/charm quark D
(1)
− 1.211

leptons L
(1)
+ 1.041

leptons E
(1)
− 1.015

Gluon G
(1)
µ 1.392

W boson W
(1)
µ 1.063 + 1

2 (MWR)2

B boson B
(1)
µ 0.974

G
(1)
H 1.0

W
(1)
H 0.921 + 1

2 (MWR)2

B
(1)
H 0.855

Table 2.5: The + and − subscripts denote the six dimensional chirality. +
containt left-handed and − the right handed zero modes. In the later analysis
we use the compacti�cation radius R−1 = 500 GeV−1.
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Chapter 3

Discrimination

There are a lot of similarities between the two di�erent models 2UED and GMSB
(including the graviton). The most important ones are:

• Both extensions predict at least one �partner� - let us call them extra
particles (EP) - to the existing SM particles.

• Due to R-/KK-parity these EP can only interact in pairs.

• The lightest EP is stable and neutral (lightest stable neutral particle
LSNP). Thus it is a valid DM candidate. In the detector events containing
EP will have missing energy as the LSNP escapes the detector.

However, there are also some important di�erences:

• In 2UED scenarios the masses are very degenerate whereas in GMSB sce-
narios the masses are less degenerate.

• The spins of the EP di�er by 1/2 to the SM particles for SUSY whereas
for 2UED models the spins stay the same.

More phenomenological aspects of GMSB and 6-dimensional 2UED can be found
in [7] and [12] respectively.

Thus there are in principle two possibilities to distinguish 2UED and GMSB.
The �rst is to measure the masses of the EP. The fact that events containing
EP have missing energy helps to separate them from the SM background. On
the other hand it makes mass (and spin) measurements more complicated since
it is impossible to reconstruct the momentum and therefore the restframes of
the decaying particles. However, invariant mass distributions from the visible
particles in a decay chain do depend on the masses of the decaying particles and
through end-point analyses it is possible to extract the masses of the interme-
diate particles [14].

Although the EP masses can give a hint about the nature of the extension
of the SM, they give no clear answer. For instance the nature of SUSY breaking
and thus the SUSY masses are widely unknown. To get a deeper insight one
has to measure the spins of the intermediary EPs. In the past attention has
been concentrated on decays containing a quark and a dilepton pair of the same
family and opposite charge. In a SUSY scenario that would be evoked by the
decay chain q̃L → χ̃0

2 qL → l̃±R l∓n qL → χ̃0
1 l
±
f l∓n qL. The �rst emitted lepton is
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called near and the second one far lepton, thus the indices n and f . In a UED
scenario the same decay products are caused by a decay Q

(1)
+ → Z(1) qL →

L(1) l∓n qL → A(1) l±f l∓n qL. Spin determination for these decay chains has been
studied by [1, 15, 16, 17, 18]1.

q

ln

lf

q̃

Q(1)

l̃

χ̃0
1

A(1)

χ̃0
2

L(1)

Z(1)

Figure 3.1: SUSY (red) and 2UED (blue) decay chains with observable �nal
state q l+ l− /ET

However [21] pointed out that GMSB models with the gravitino as LSP the
next-lightest SUSY particle (NLSP) decays into a gravitino by emitting a pho-
ton. Thus one has the decay chain χ̃0

2 → l̃±R l∓n → χ̃0
1 l±f l∓n → G̃ γ l±f l∓n .

In 2UED one can construct an analogous decay chain where the KK hyper-
charge boson decays into a spinless adjoint and a photon: Z(1) → L(1) l∓n →
A(1) l±f l∓n → A

(1)
H γ l±f l∓n [12]. We will refer to them as long decay chains.

ln

lf

γ

χ̃0
2

Z(1)

χ̃0
1

G̃

A
(1)
H

l̃

A(1)

L(1)

Figure 3.2: GMSB (red) and 2UED (blue) decay chains with observable �nal
state l+ l− γ /ET

Other decay chains revealing information about the spin of the intermediate
particle are q̃R → qR χ

0
1 → qR γ G̃ and Q(1)

− → qR γ A
(1) respectively which we

will be referring to as short decay chains. Although they have a considerably
bigger SM background at the LHC they also have a larger branching ratio.

In this thesis we will focus on the long and short decay chains to discriminate
between GMSB and 2UED models or generally speaking to study the e�ect of
spin correlations.

3.1 General Thoughts about Spin Correlations in
Cascade Decays

In this section we review decay probabilities and their angular distributions for
decays of scalars, fermions and gauge bosons based on [17]. These will serve as

1Other methods of spin determination can be found in [19, 20].
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q

γq̃

Q(1)

G̃

χ̃0
1

A
(1)
H

A(1)

Figure 3.3: GMSB (red) and 2UED (blue) decay chains with observable �nal
state qL γ /ET

building blocks in our understanding of spin correlations of the above cascade
decays.

Scalar Decay
Since a scalar particle has no spin it does not pick any special direction in space
and its decay is isotropic in its rest frame.

Fermion Decay
In the simplest case a fermion ψ1 decays to a fermion ψ2 and a scalar φ through
the interaction ψ̄2Γψ1φ. If the coupling is chiral Γ is a linear combination of PL
and PR, otherwise if it is non-chiral, it is proportional to some constant. Since
the decaying fermion has a spin it picks a direction in space and the decay may
be anisotropic. However this is only the case if the decaying fermion is polarized
and the coupling chiral. To show that we will have to calculate the associated
decay rates where we will refer to the notation of [22].

Let us assume the incoming particle to have spin up in its rest frame and
the coupling to be left-handed. If its spin is aligned along the z-axis the spinor
is

u†ψ1
∝ (0, 1, 0, 1) . (3.1)

If the outgoing fermion ψ2 is boosted it is mostly right-handed and its spinor
then is

u†ψ2
∝ (0, 0, 1, 0) , (3.2)

if ψ2 moves along the z-axis. To describe the decaying fermion in this coordinate
frame we have to rotate it by the angle θ:

uψ1 ∝




0
1
0
1


 →




cos θ2 −sin θ2 0 0
sin θ2 cos θ2 0 0

0 0 cos θ2 −sin θ2
0 0 sin θ2 cos θ2







0
1
0
1


 =




sin θ2
cos θ2
sin θ2
cos θ2


 .

(3.3)
The matrix element therefore has the form

M∝ (0, 0, 1, 0) γ0




sin θ2
cos θ2
sin θ2
cos θ2


 = sin

θ

2
, (3.4)

and the squared matrix element is proportional to sin2 θ
2 . A similar calculation

shows that the squared matrix element for a inverse polarized fermion is∝ cos2 θ2 .

28



Thus if the decaying particle ψ1 is not polarized the angular dependences cancel
and the decay is indeed isotropic. Exactly the same thing happens if the coupling
is non-chiral.

In an analogous manner one can show for the decay of a fermion in a fermion
and gauge boson that one only has angular dependences if the decaying particle
is polarized and the coupling chiral. Further we note that there is no angular
dependence between the fermions and the gauge boson/scalar.

Gauge Boson Decay
In general the decay of a gauge boson shows angular dependence. For instance
the decay rate of a transversal gauge boson is proportional to 1 + cos2θ.

Comparing the Decay Chains
In the GMSB case the �rst decay is χ̃0

2 → ln l̃. As we have mentioned before,
there is no angular dependence between the scalar and the near lepton. Since
the scalar decays isotropically there is no angular dependence between the two
leptons. The last coupling between the neutralino, graviton and photon [23, 24]
in momentum space is written down in �gure 3.4. Since this coupling is non-

χ0

1

Aµ

g̃α

p
p
−

p ′

p
′

∝ [
/p
′, γµ

]
γα

Figure 3.4: Neutralino-gravitino-photon vertex from [25], Appendix A.

chiral, spin-e�ects between the photon and the far lepton (and so also between
the photon and the near lepton) are absent. Thus in the complete decay chain
only the phase space contribution plays a role. That is also seen when we
calculate the matrix element for this decay chain, it is not dependent of the
angles between the near/far lepton and the photon.

On the other hand, the 2UED decay chain has potential angular dependences
between all outgoing particles. Thus in this case the matrix element will play
an important role in calculating the invariant mass distributions.
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Chapter 4

Invariant Mass Distributions

Our aim is to obtain analytical expressions for the invariant mass distributions
of the cascade decays discussed in the previous chapter and to check whether
spin e�ects can be measured at the LHC. Analytical expressions have already
been obtained for the decay chains E → D q → C ln q → B lf ln q, where
E, D, C and B are the new particles belonging to the particular SM extension,
in [26]. In [15] invariant mass distributions neglecting the spin contributions
are calculated at full length. We take their calculations as a base and extend
them with the spin correlations of the long decay chain involving a photon
D → C ln → B ln lf → A ln lf γ. Further we calculate invariant mass
distributions for the short decay chain C → B q → A q γ.

There are two possibilities to calculate invariant mass distributions with one
photon and one lepton � the far-lepton�photon and the near-lepton�photon
mass distribution. However since one cannot distinguish the near and far lep-
ton one can only measure the sum of these two distributions. Another possibility
is to build observable distributions by taking the maximum/minimum invari-
ant lepton-photon mass giving us the high/low lepton-photon invariant mass
distribution.

For the sake of completeness we consider all di�erent spin con�gurations by
interchanging vector bosons through scalars and vice-versa, leading to the di�er-
ent decay chains displayed in �gure 4.1. The spin con�gurations FSFG/VFVS
correspond to the long and SFG/FVS to the short GMSB/2UED decay chains.

4.1 Preliminary Remarks
A particle of mass M , energy E and momentum P decays into n products with
masses mf , energies Ef and momenta pf . The decay rate then has the well
known form

dΓ =
1

2E

n∏

f=1

(
d3pf
(2π)3

1
2Ef

)
|M|2(2π)4δ(4)(P −

n∑

f=1

pf ). (4.1)

In order to calculate the invariant mass distribution dΓ/dm for some decay
products p we have to express one component of one momentum through the
invariant mass and integrate over the remaining momenta. That way we obtain
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Figure 4.1: Di�erent 2UED decay chains leading to the di�erent spin con�gu-
rations in the long decay chain: (a) vector-fermion-vector-scalar (VFVS), (b)
vector-fermion-scalar-vector (VFSV), (c) scalar-fermion-vector-scalar (SFVS),
(d) scalar-fermion-scalar-vector (SFSV), (e) fermion-scalar-fermion-gravitino
(FSFG). In the short decay chain: (f) scalar-fermion-gravitino (SFG), (g)
fermion-vector-scalar (FVS), (h) fermion-scalar-vector (FSV).
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an expression dΓ = f(m)dm and thus the invariant mass distribution dΓ
dm =

f(m). Moreover, since our knowledge about the force of the couplings is model-
dependent and we are more interested in the qualitative behavior of the invariant
mass distributions, we just calculate 1

Γ0

dΓ
dm , where Γ0 is the total decay width.

Thus we will not be interested in overall constants (such as coupling constants).
Anyway that calculation can be lengthy and thus we will �rst discuss a simple
toy model.

4.1.1 A Simple Toy Model
Let us assume the decay rate is given by the following simple expression

dΓ = θ̂(x)θ̂(y)dx dy (4.2)

where we have de�ned θ̂(x) = θ(x)θ(1 − x). The step functions just de�ne the
integration borders [0, 1] for the variables x and y. Now let us de�ne a new
variable m = x+ y with the integration limits [0, 2]. The decay rate then reads

dΓ = | ∂(x, y)
∂(m, y)

|θ̂(m− y)θ̂(y)dm dy, (4.3)

where the �rst expression is the Jacobi determinant, in this case just 1. Inte-
grating over the remaining dy we get the invariant mass distribution

dΓ
dm

=
∫ ∞

−∞
θ̂(m− y)θ̂(y)dy. (4.4)

The step functions give the following bounds on y

θ̂(m− y) : m− y > 0 ⇒ y < m m− y < 1 ⇒ y > m − 1
θ̂(y) : y > 0 y < 1

(4.5)

Since m ∈ [0, 2] the bounds on the left-hand side hold if m < 1 the ones on
the right hand side if m ≥ 1. Thus we have to evaluate dΓ

dm for these two cases
separately:

m < y :
dΓ
dm

=
∫ m

0

dy = m,

m ≥ y :
dΓ
dm

=
∫ 1

m−1

dy = 2−m. (4.6)

And we end up with
dΓ
dm

=
{
m m < 1
2−m m ≥ 1. (4.7)

As we see in �gure 4.1.1 the distribution gets a kink at m = 1 whereas in the old
variables the decay rate is smooth (constant). That property will often occur
when calculating invariant mass distributions.

4.1.2 Approximations
Since we assume the intermediary particles to have very small width we can
make a further simpli�cation. The propagator of an intermediary particle with
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Figure 4.2: Plot of the invariant mass distribution dΓ
dm for the simple play model.

momentum q, mass m and width Γ is proportional to 1
q2−m2+imΓ . The expres-

sion appearing in the squared matrix element is then
∣∣∣∣

1
q2 −m2 + imΓ

∣∣∣∣
2

=
1

q4 − 2q2m2 +m4 +m2Γ2

=
π

mΓ
mΓ

π [(q2 −m2)2 +m2Γ2]
−−−→
Γ→0

π

mΓ
δ(q2 −m2). (4.8)

Thus the intermediate particle is on-shell and the denominator of the propagator
is just an overall constant and can be neglected in our case. This is called the
zero width approximation.

Since the new particles of the extensions to the SM have not been observed
yet, they have to be much heavier than most SM particles, except the top quark,
W, Z and Higgs boson, which do not play a role in our analysis. Thus we work
in an approximation where the SM masses are zero.

4.2 Kinematics
The invariant masses depend on the masses of the intermediate particles and on
the angles between the outgoing ones. In order to calculate the invariant mass
distributions we have to express the phase space integration (4.1) with the right
angles. For the long decay chain we will use the following choices:

1. For the lepton-lepton invariant mass distribution: θ(C)
cb , the angle between

the momenta of c and b in the rest frame of C, analogously θ
(B)
ca and

φ
(B)
cbca, which is the angle between the two planes spanned by (c, b) and

(c, a) (�gure 4.3). For this decay it will su�ce to consider the subprocess
D → c C → c b B and so only the angular dependence on θ(C)

cb , the other
angles are integrated out.

2. For the far-lepton�photon distribution: θ(B)
ab , θ(C)

ac and φ(C)
abac (�gure 4.4).

Similarly the only relevant angle is θ(B)
ab and the others are integrated out.

3. For the near-lepton�photon distribution: θ(C)
cb , θ(B)

ca and φ(B)
cbca. The angles

θ are de�ned as before and φ
(B)
cbca is the angle between the two planes

spanned by (c, b) and (c, a) (�gure 4.3).
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4. For the high/low lepton-photon distribution: θ(B)
ab , θ(C)

ac and φ(C)
abac (�gure

4.4).

The short decay chain only consists of C → b B → b a A and has only one
angular dependence θ(B)

ab .

4.2.1 θ
(C)
cb , θ

(B)
ca and φ

(B)
cbca

θ
(C)
cb

b

c

B

A

a

D

(a)

D

A

b

c

C

θ
(B)
ca

a

ca

φ
(B)
cbca

(b)

Figure 4.3: a) angles in the rest frame of C; b) angles in the rest frame of B

In order to calculate the matrix elements one has to express the scalar prod-
ucts by means of these angles and the masses of the intermediary particles. First
it will be useful to get an expression of θ(B)

ba by means of θ(B)
ca , θ(B)

cb and φ(B)
cbca.

To do so we de�ne

x = p(B)
c ∧ p

(B)
b , xi = εijkp(B)j

c p
(B)k
b , |x| = E(B)

c E
(B)
b sinθ(B)

cb ,

y = p(B)
a ∧ p(B)

c , yi = εilmp(B)l
a p(B)m

c , |y| = E(B)
a E(B)

c sinθ(B)
ca . (4.9)
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The scalar product between x and y then is

xiyi = εijkεilmp(B)j
c p

(B)k
b p(B)l

a p(B)m
c

=
(
p(B)
c · p(B)

a

)(
p(B)
c · p(B)

b

)
− |p(B)

c |2
(
p(B)
a · p(B)

b

)

= E(B)
a E

(B)
b

(
E(B)
c

)2 (
cosθ(B)

ca cosθ(B)
cb − cosθ(B)

ba

)

!= E(B)
a E

(B)
b

(
E(B)
c

)2

sinθ(B)
ca sinθ(B)

cb cos
(
π − φ

(B)
cbca

)
. (4.10)

This can be solved for cosθ(B)
ba :

cosθ(B)
ba = cosθ(B)

ca cosθ(B)
cb + sinθ(B)

ca sinθ(B)
cb cosφ(B)

cbca. (4.11)

Next we want to express θ(B)
cb by means of θ(C)

cb . For this purpose we use

p(B)
c · p(B)

b = E(B)
c E

(B)
b − pcpb,

⇒ cosθ(B)
cb = 1− E

(C)
b E

(C)
c

E
(B)
b E

(B)
c

(1− cosθ(C)
cb ). (4.12)

Lastly we need to calculate the energies of all outgoing particles in the two rest
frames (B) and (C). To calculate E(C)

c we begin with

m2
D =

(
E

(C)
D

)2

−
(
p

(C)
D

)2

=
(
E(C)
c +mC

)2

−
(
p(C)
c

)2

, (4.13)

where the second equals sign follows from momentum conservation. This ex-
pression can now be solved for E(C)

c :

E(C)
c =

m2
D −m2

C

2mC
. (4.14)

In the same way we obtain

E
(C)
b =

m2
C −m2

B

2mC
, E

(B)
b =

m2
C −m2

B

2mB
, E(B)

a =
m2
B −m2

A

2mB
. (4.15)

For the energy E(B)
c we calculate

m2
D =

(
E

(B)
D

)2

−
(
p

(B)
D

)2

=
(
E(B)
c + E

(B)
b +mB

)2

−
(
p(B)
c + p

(B)
b

)2

= m2
B + 2E(B)

c mB + 2E(B)
b mB + 2E(C)

b E(C)
c

(
1− cosθ(C)

cb

)
, (4.16)

where we used (4.12) to get the expression on the second line. Solved for E(B)
c

this leads to

E(B)
c =

(
m2
D −m2

C

) (
m2
C +m2

B +
(
m2
C −m2

B

)
cosθ(C)

cb

)

4mBm2
C

. (4.17)

Analogously

E(C)
a =

(
m2
B −m2

A

) (
m2
C + 2m2

B − 2m2
A −

(
m2
C −m2

A

)
cosθ(B)

ba

)

4m2
BmC

. (4.18)
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This can be further calculated using (4.11).
Now we have calculated the energies of all outgoing particles and all angles

between them. This allows us to calculate the scalar products appearing in the
squared matrix element.

4.2.2 θ
(B)
ab , θ

(C)
ac and φ

(C)
abac

b

cD
a

a

A

B

φ
(C)
abac

θ
(C)
ab

(a)

D

A

b

a

c

C

θ
(B)
ab

(b)

Figure 4.4: a) angles in the rest frame of C; b) angles in the rest frame of B

Since the energies E(B)
a , E(B)

b , E(C)
b and E(C)

c only depend on the masses,
their expressions stay the same. The only two masses depending on the angles
become

E(C)
a =

(
m2
B −m2

A

) (
m2
C +m2

B −
(
m2
C −m2

B

)
cosθ(B)

ab

)

4mCm2
B

(4.19)

E(B)
c =

(
m2
D −m2

C

) (
m2
C +m2

B +
(
m2
C −m2

B

)
cosθ(C)

bc

)

4mBm2
C

, (4.20)
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with the angles

cosθ(C)
bc = cosθ(C)

ac cosθ(C)
ab + sinθ(C)

ac sinθ(C)
ab cosφ(C)

abac, (4.21)

cosθ(C)
ab = 1− E

(B)
a E

(B)
b

E
(C)
a E

(C)
b

(
1− cosθ(B)

ab

)
. (4.22)

4.3 Matrix Elements
In order to calculate the partial decay width (4.1) we �rst need to calculate the
squared matrix elements. As we already have discussed in the chapter before,
the GMSB decay has no spin correlation and thus the squared matrix element is
proportional to some overall constant. For the other decay chains we do expect
non-trivial matrix elements and using the Feynman rules from Appendix A.1
on graph in �gure 4.5 we get for the long decay chain VFVS

pD

pC

pB

pA

pb

pc

pa

µ

ρ

σ

ν

Figure 4.5: Feynman diagram for the VFVS decay.

MV FV S ∝ ū(pc)γµPL(−/pC +mC)γρPLv(pb)

× (−gρσ +
pBρpBσ
m2
B

)ενσαβpBαpAβεµ(pD)ε∗ν(pa). (4.23)

In the same way we obtain matrix elements for the other 2UED decays:

MV FSV ∝ ū(pc)γµPL(−/pC +mC)PLv(pb)

× ενραβpAαpBβεµ(pD)ε∗ν(pa)ε
∗
ρ(pA), (4.24)

MSFV S ∝ ū(pc)PL(−/pC +mC)γρPLv(pb)

× (−gρσ +
pBρpBσ
m2
B

)ενσαβpBαpAβε∗ν(pa), (4.25)

MSFSV ∝ ū(pc)PL(−/pC +mC)PLv(pb)

× ενραβpAαpBβε
∗
ν(pa)ε

∗
ρ(pA). (4.26)

For the short decay chains we only have to calculate the FVS matrix element.
The FSV decay shows no angular dependence between the quark and the photon
since the intermediate particle is a scalar.

MFV S ∝ v̄(pC)γρPLv(pb)(−gρσ +
pBρpBσ
m2
B

)ενσαβpBαpAβε∗ν(pa). (4.27)
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The squared matrix elements have been evaluated with the Tracer.m Math-
ematica package [27]. These rather lengthy expressions are consigned to Ap-
pendix A.2.

4.4 Invariant Mass Distributions
It will be useful to de�ne the quantities

(mmax
ab )2 = (mmax

ba )2 =
(m2

C −m2
B)(m2

B −m2
A)

m2
B

, (4.28)

(mmax
ac )2 = (mmax

ca )2 =
(m2

D −m2
C)(m2

B −m2
A)

m2
B

, (4.29)

(mmax
c2 )2 =

(m2
D −m2

C)(m2
B −m2

A)
2m2

C −m2
D

, (4.30)

a = 1− m2
B

m2
C

. (4.31)

4.4.1 The Lepton-Lepton Invariant Mass Distribution
With the above notation and de�ning u = 1/2(1−cosθ(C)

cb ), v = 1/2(1−cosθ(C)
ac )

we can write the far-lepton�photon invariant mass as

m2
bc = 4E(C)

b E(C)
c u. (4.32)

Thusmcb lies in the range [0,m(max)
bc ] where we have de�nedm(max)

bc ≡ 4E(C)
b E

(C)
c .

With eq. (4.1) we can calculate 1/Γ0dΓ/du

1
Γ0
dΓ =

1∫ |M|2du dv dφ(B)
cbca

|M|2du dv dφ(B)
cbca

⇒ 1
Γ0

dΓ
du

=
1∫ |M|2du dv dφ(B)

cbca

∫
|M|2 dv dφ(B)

cbca, (4.33)

where |M|2 is the squared matrix element associated to the di�erent decay
chains in �gure 4.1 written down in Appendix A.2. Thus we can calculate the
invariant mass distribution

1
Γ0

dΓ
dm2

bc

=
1
Γ0

du

dm2
bc

dΓ
du

=
1
Γ0

1

4E(c)
b E

(C)
c

dΓ
du
, (4.34)

which is displayed in �gures 4.6 and 4.7

4.4.2 The Far-Lepton�Photon Invariant Mass Distribu-
tion

Analogously the far-lepton�photon invariant mass distribution is

1
Γ0

dΓ
dm2

ab

=
1
Γ0

1

4E(B)
a E

(B)
b

dΓ
du
, (4.35)
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where u = 1/2(1− cosθ(B)
ab ), v = 1/2(1− cosθ(C)

ac ) and

1
Γ0

dΓ
du

=
1∫ |M|2du dv dφ(C)

abac

∫
|M|2 dv dφ(C)

abac. (4.36)

The invariant mass mab lies in the range [0,m(max)
ab ], m(max)

ab ≡ 4E(B)
a E

(B)
b .

These distributions are plotted in �gures 4.8 and 4.9.

4.4.3 The Near-Lepton�Photon Invariant Mass Distribu-
tion

Using the angles 2) the ln γ invariant mass can be written as

m2
ca = 2E(B)

a E(B)
c cosθ(B)

ca . (4.37)

Rewriting this with (4.15), (4.17), (4.29) and

u =
1
2
(1− cosθ(C)

cb ), v =
1
2
(1− cosθ(B)

ca ), (4.38)

we end up with

m2
ca = mmax

ca
2(1− au)v ⇒ 0 ≤ mac ≤ mmax

ac . (4.39)

The distribution ∂2P/(∂u ∂v) can be obtained expressing the squared matrix
element from Appendix A.2 with the angles 2), integrating over φ(B)

cbca and nor-
malizing to 1:

1
Γ0

∂2Γ
∂u ∂v

=
∫ |M|2 dφ(B)

cbca∫ |M|2du dv dφ(B)
cbca︸ ︷︷ ︸

≡P (u,v)

θ̂(u)θ̂(v). (4.40)

We have added the step functions θ̂(u) = θ(u)θ(1− u) to assure the integration
borders for u and v. The di�erential distribution with respect to u and m2

ca

then is

1
Γ0

∂2Γ
∂u ∂m2

ca

=

∣∣∣∣∣
∂(u, v)
∂(u,m2

ca)

∣∣∣∣∣P (u, v)θ̂(u)θ̂(v)

=
P (u, v)

(mmax
ac )2(1− au)

θ̂

(
m2
ac

(mmax
ac )2(1− au)

)
θ̂(u). (4.41)

Finally we have to integrate over u to �nd the distribution of m2
ac:

1
Γ0

∂Γ
∂m2

ca

=
∫ ∞

−∞

P (u, v)
(mmax

ac )2(1− au)
θ̂

(
m2
ac

(mmax
ac )2(1− au)

)
θ̂(u)du

=
∫ 1

0

P (u, v)
(mmax

ac )2(1− au)
θ̂

(
m2
ac

(mmax
ac )2(1− au)

)
du. (4.42)

The last step function gives us the following restriction on u

m2
ac

(mmax
ac )2(1− au)

< 1 ⇒ u <
1
a

(
1− m2

ac

(mmax
ac )2

)
, (4.43)
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giving us the following distribution:
1
Γ0

∂Γ
∂m2

ca

=
∫ umax

0

P (u, v)
(mmax

ac )2(1− au)
du, (4.44)

where the upper bound of u is

umax = min
(

1,
1
a

(
1− m2

ac

(mmax
ac )2

))
. (4.45)

Thus we �nd for the invariant mass distribution

1
Γ0

∂Γ
∂m2

ca

=





∫ 1

0
P (u,v)

(mmax
ac )2(1−au)du 0 < mac <

mB

mC
mmax
ac

∫ umax

0
P (u,v)

(mmax
ac )2(1−au)du

mB

mC
mmax
ac < mac < mmax

ac .

(4.46)

The plots can be found in �gures 4.10 and 4.11.

4.4.4 The Observable Lepton-Photon Invariant Mass Dis-
tribution

The observable lepton-photon invariant mass distribution (�gures 4.12 and 4.13)
is the sum of the two preceding distributions. Another possibility to create
observable quantities is to calculate the maximum/ minimum of the lepton-
photon invariant masses.

4.4.5 The High Lepton-Photon Invariant Mass Distribu-
tion

Working with the angles 3) we �rst de�ne

u =
1
2
(1− cosθ(B)

ba ), v =
1
2
(1− cosθ(C)

ca ) (4.47)

Now we can write the invariant masses as
m2
ab = (mmax

ab )2u, m2
ac = (mmax

ac )2(1− a+ au)v (4.48)

mhigh
abac is now de�ned as

mhigh
abac = max[mab,mac] (4.49)

Let us de�ne the variable x which is positive for mab > mac and negative vice
versa

x = m2
ab −m2

ac = (mmax
ab )2u− (mmax

ac )2(1− a+ au)v (4.50)
mhigh
abac can now be written as

(mhigh
abac)

2 = θ(x)(mmax
ab )2u+ θ(−x)(mmax

ac )2(1− a+ au)v (4.51)

In the following we will denote mhigh
abac simply as m. The two latter formulas can

be solved for u and v, thus

u =
m2 + xθ(−x)

(mmax
ab )2

,

v =
(mmax

ab )2(m2 − xθ(x))
(mmax

ac )2((mmax
ab )2 + a(m2 − (mmax

ab )2 + xθ(−x))) . (4.52)
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As before the distribution 1/Γ0∂
2Γ/(∂u∂v) can be calculated by expressing the

matrix element from Appendix A.2 through the angles 3), integrating over φ(C)
abac

and normalizing to 1:

1
Γ0

∂2Γ
∂u ∂v

=
∫ |M|2 dφ(C)

abcb∫ |M|2du dv dφ(C)
abcb︸ ︷︷ ︸

≡P (u,v)

θ̂(u)θ̂(v). (4.53)

With the the Jacobian

J =
∣∣∣∣
∂(u, v)
∂(x,m2)

∣∣∣∣ =
1

(mmax
ab )2(mmax

ac )2(1− a+ au)
(4.54)

we get the di�erential distribution with respect to m2 and x:

1
Γ0

∂2Γ
∂x∂m2

=
P (u, v) θ̂(u)θ̂(v)

(mmax
ab )2(mmax

ac )2(1− a+ au)
(4.55)

where we have de�ned θ̂(u) = θ(u)θ(1−u). These step functions just assure the
integration borders for u and v. To obtain the desired distribution, we have to
integrate over x

1
Γ0

∂Γ
∂m2

=
∫ ∞

0

P (u, v) θ̂(u+)θ̂(v+)
(mmax

ab )2(mmax
ac )2(1− a+ au+)

dx+

+
∫ 0

−∞

P (u, v) θ̂(u−)θ̂(v−)
(mmax

ab )2(mmax
ab )2(1− a+ au−)

dx−. (4.56)

u+/u− and v+/v− are the values of u and v for positive / negative x, they are

u− = m2+x−
(mmax

ab )2 , u+ = m2

(mmax
ab )2

v− = m2

(mmax
ac )2(1−a+a m2+x−

(mmax
ab

)2
)
, v+ = m2−x+

(mmax
ac )2(1−a+a m2

(mmax
ab

)2
)

(4.57)

The step functions restrict 0 < u± < 1 and 0 < v± < 1, which in turn give
restrictions on x and m:

θ̂(u+) 6= 0 ⇒ 0 < m2 < (mmax
ab )2, (4.58)

θ̂(v+) 6= 0 ⇒ m2(1 − a
(mmax

ac )2

(mmax
ab )2

) − (mmax
ac )2(1 − a) < x < m2, (4.59)

θ̂(u−) 6= 0 ⇒ −m2 < x < (mmax
ab )2 − m2, (4.60)

θ̂(v−) 6= 0 ⇒ −1 − a

a
(mmax

ab )2 − m2(1 − (mmax
ab )2

a(mmax
ac )2

) < x. (4.61)

Let us now have a close look which of these inequalities provide the strongest
bounds.

• lower bound of x+ There are two possible lower bounds of x+: either 0
or the left hand side of eq. (4.59). In order that 0 is the lower bound:

0 > m2(1− a
(mmax

ac )2

(mmax
ab )2

)− (mmax
ac )2(1− a). (4.62)
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Solving this inequality we have to consider two cases: m2
D < 2m2

C and
m2
D > 2m2

C . The �rst one leads to m2 > (mmax
c2 )2 and the second one

to m2 < (mmax
c2 )2. The last of these inequalities is never full�lled since

m2
D > 2m2

C ⇒ (mmax
c2 )2 < 0. So, in the �rst case there are two possible

lower bounds for x+:

m2 < (mmax
c2 )2 ⇒ x+ > 0, (4.63)

m2 > (mmax
c2 )2 ⇒ x+ > m2(1− a

(mmax
ac )2

(mmax
ab )2

)− (mmax
ac )2(1− a). (4.64)

In the second case 0 is always the lower bound of x+

• upper bound of x+ As long as eq. (4.58) holds the upper bound of x+

is m2, otherwise there is no integration over x+.

• lower bound of x− In order to the step function of eq. (4.61) being non-
zero, the left hand side of eq. (4.61) has to be smaller than zero, which
is the case for m2 < (mmax

c2 )2. Otherwise there is no integration over x−.
There are now two possible lower bounds given in eq. (4.60) and (4.61).
Let us discriminate the stronger one:

−m2 > −1− a

a
(mmax

ab )2 −m2(1− (mmax
ab )2

a(mmax
ac )2

),

m2 >
m2
B

m2
C

(mmax
ac )2 ⇒ x− > −m2. (4.65)

In the other case eq. (4.61) is the lower bound:

m2 <
m2
B

m2
C

(mmax
ac )2 ⇒ x− > −1− a

a
(mmax

ab )2−m2(1− (mmax
ab )2

a(mmax
ac )2

). (4.66)

• upper bound of x− The upper bound is either 0 or the right hand side
of eq. (4.60):

m2 > (mmax
ab )2 ⇒ x− < (mmax

ab )2 −m2, (4.67)
m2 < (mmax

ab )2 ⇒ x− < 0. (4.68)

AssumingmD > mC > mB > mA we have to treat the two casesm2
D < 2m2

C

and m2
D > 2m2

C separately. For the �rst one we see that mmax
c2 > mB

mC
(mmax

ac )
and mmax

ac > mB

mC
(mmax

ac ). Thus there are two hierarchies between these three
invariant masses

A1) mmax
c2 > mmax

ac >
mB

mC
(mmax

ac ),

A2) mmax
ac > mmax

c2 >
mB

mC
(mmax

ac ).

Into these mass hierarchies we have to place mmax
ab . In hierarchy A1 we assumed

mmax
c2 < mmax

ac . Thus m2
B > 2m2

C −m2
D and this leads to

(mmax
ab )2 =

(m2
C −m2

B)(m2
B −m2

A)
m2
B

<
(m2

D −m2
C)(m2

B −m2
A)

m2
B

= (mmax
ac )2,

⇒ mmax
ab < mmax

ac . (4.69)
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Therefore there are two possibilities to place mmax
ab in hierarchy A1. This leads

to

A11) mmax
ab < mmax

ac

mB

mC
< mmax

ac < mmax
c2 ,

A12) mmax
ac

mB

mC
< mmax

ab < mmax
ac < mmax

c2 .

To obtain hierarchy A2 we assumed mmax
c2 < mmax

ac which leads to m2
B < 2m2

C−
m2
D and we see that mmax

ab > mmax
ac . Now there is only one possibility to place

mmax
ab in hierarchy A2:

A2) mmax
ac

mB

mC
< mmax

c2 < mmax
ac < mmax

ab .

For the second case (m2
D > 2m2

C) we note

(mmax
ab )2 =

(m2
C −m2

B)(m2
B −m2

A)
m2
B

=
(2m2

C −m2
C −m2

B)(m2
B −m2

A)
m2
B

<
(m2

D −m2
C −m2

B)(m2
B −m2

A)
m2
B

<
(m2

D −m2
C)(m2

B −m2
A)

m2
B

= (mmax
ac )2. (4.70)

Thus we end with two hierarchies:

B1) mmax
ab < mmax

ac

mB

mC
< mmax

ac ,

B2) mmax
ac

mB

mC
< mmax

ab < mmax
ac .

Now we can list the bounds on x± for the di�erent hierarchies:

Hierarchy A11: mmax
ab < mmax

ac
mB

mC
< mmax

ac < mmax
c2

0 < m < mmax
ab : 0 < x+ < m2

−m2 < x− < 0

mmax
ab < m < mmax

ac
mB

mC
: 0 < x+ < 0

−m2 < x− < (mmax
ab )2 −m2

mmax
ac

mB

mC
< m < mmax

c2 : 0 < x+ < 0

− 1−a
a (mmax

ab )2 −m2(1− (mmax
ab )2

a(mmax
ac )2 ) < x− < (mmax

ab )2 −m2

Hierarchy A12: mmax
ac

mB

mC
< mmax

ab < mmax
ac < mmax

c2

0 < m < mmax
ac

mB

mC
: 0 < x+ < m2

−m2 < x− < 0

mmax
ac

mB

mC
< m < mmax

ab : 0 < x+ < m2

− 1−a
a (mmax

ab )2 −m2(1− (mmax
ab )2

a(mmax
ac )2 ) < x− < 0

mmax
ab < m < mmax

c2 : 0 < x+ < 0
− 1−a

a (mmax
ab )2 −m2(1− (mmax

ab )2

a(mmax
ac )2 ) < x− < (mmax

ab )2 −m2
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Hierarchy A2: mmax
ac

mB

mC
> mmax

a2 > mmax
ac > mmax

ab

0 < m < mmax
ac

mB

mC
: 0 < x+ < m2

−m2 < x− < 0

mmax
ac

mB

mC
< m < mmax

c2 : 0 < x+ < m2

− 1−a
a (mmax

ab )2 −m2(1− (mmax
ab )2

a(mmax
ac )2 ) < x− < 0

mmax
c2 < m < mmax

ab : m2 − (mmax
ac )2((1− a) + am2

(mmax
ab )2 ) < x+ < m2

0 < x− < 0

Hierarchy B1: mmax
ab < mmax

ac
mB

mC
< mmax

ac

0 < m < mmax
ab : 0 < x+ < m2

−m2 < x− < 0

mmax
ab < m < mmax

ac
mB

mC
: 0 < x+ < 0

−m2 < x− < (mmax
ab )2 −m2

mmax
ac

mB

mC
< m < mmax

ac : 0 < x+ < 0

− 1−a
a (mmax

ab )2 −m2(1− (mmax
ab )2

a(mmax
ac )2 ) < x− < (mmax

ab )2 −m2

Hierarchy B2: mmax
ac

mB

mC
< mmax

ab < mmax
ac

0 < m < mmax
ac

mB

mC
: 0 < x+ < m2

−m2 < x− < 0

mmax
ac

mB

mC
< m < mmax

ab : 0 < x+ < m2

− 1−a
a (mmax

ab )2 −m2(1− (mmax
ab )2

a(mmax
ac )2 ) < x− < 0

mmax
ab < m < mmax

ac : 0 < x+ < 0
− 1−a

a (mmax
ab )2 −m2(1− (mmax

ab )2

a(mmax
ac )2 ) < x− < (mmax

ab )2 −m2

The invariant mass distributions are displayed in �gures 4.14 and 4.15.

4.4.6 The Low Lepton-Photon Invariant Mass Distribu-
tion

mlow
abc is de�ned as min[mab,mac]. Keeping x as de�ned in the chapter before

we write

(mlow
abc )

2 = θ(−x)(mmax
ab )2u+ θ(x)(mmax

ac )2(1− a+ au)v. (4.71)

This can now be inverted to give (again, we just write m for mlow
abc ):

u =
m2 + xθ(x)
(mmax

ab )2
,

v =
(mmax

ab )2(m2 − xθ(−x))
(mmax

ac )2((mmax
ab )2 + a(m2 − (mmax

ab )2 + xθ(x)))
. (4.72)
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We can write the di�erential distribution 1/Γ0∂Γ/∂m2 the same way as in the
preceding chapter but now with

u− = m2

(mmax
ab )2 , u+ = m2+x

(mmax
ab )2 ,

v− = m2−x
(mmax

ac )2(1−a+a m2

(mmax
ab

)2
)
, v+ = m2

(mmax
ac )2(1−a+a m2+x

(mmax
ab

)2
)
. (4.73)

The step functions of the integrand now give us the following restrictions
θ̂(u+) 6= 0 ⇒ −m2 < x < (mmax

ab )2 −m2, (4.74)

θ̂(v+) 6= 0 ⇒ −1− a

a
(mmax

ab )2 −m2(1− (mmax
ab )2

a(mmax
ac )2

) < x, (4.75)

θ̂(u−) 6= 0 ⇒ 0 < m2 < (mmax
ab )2, (4.76)

θ̂(v−) 6= 0 ⇒ m2(1− a
(mmax

ac )2

(mmax
ab )2

)− (mmax
ac )2(1− a) < x < m2. (4.77)

These inequalities coincide at the distinct valuesmmax
ab , mmax

ac andmmax
c2 . There

are the following hierarchies:
A1) mmax

ab < mmax
ac < mmax

c2 ,

A2) mmax
c2 < mmax

ac < mmax
ab ,

B) mmax
ab < mmax

ac .

Again, for the hierarchies A1 and A2 2m2
C −m2

D > 0 and 2m2
C −m2

D < 0 for
B. Carefully checking the bounds on x± we �nd:

Hierarchy A1 & B: mmax
ab < mmax

ac

0 < m < mmax
ab : m2(1− a

(mmax
ac )2

(mmax
ab )2 )− (mmax

ac )2(1− a) < x− < 0
0 < x+ < (mmax

ab )2 −m2

mmax
ab < m : 0 < x− < 0

0 < x+ < 0

Hierarchy A2: mmax
c2 < mmax

ac < mmax
ab

0 < m < mmax
c2 : m2(1− a

(mmax
ac )2

(mmax
ab )2 )− (mmax

ac )2(1− a) < x− < 0
0 < x+ < (mmax

ab )2 −m2

mmax
c2 < m < mmax

ac : 0 < x− < 0
− 1−a

a (mmax
ab )2 −m2(1− (mmax

ab )2

a(mmax
ac )2 ) < x+ < (mmax

ab )2 −m2

mmax
ac < m < mmax

ab : 0 < x− < 0
0 < x+ < 0

The plots can be found in �gures 4.16 and 4.17.

4.4.7 The Dilepton-Photon Invariant Mass Distribution
This distribution (�gures 4.18 and 4.19) was calculated only numerically since
analytical results become very large. The full expression for the phase space
distribution can be found in [15].
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4.4.8 The Short Decay Chain
For the short decay chain we only have to consider the quark-photon invariant
mass distribution. As before the invariant mass distribution (�gures 4.20 and
4.21) is

1
Γ0

dΓ
dm2

ab

=
1
Γ0

1

4E(B)
a E

(B)
b

dΓ
du
, (4.78)

where u = 1/2(1− cosθ(B)
ba ) and

1
Γ0

dΓ
du

=
1∫ |M|2du |M|2. (4.79)

The invariant mass mab lies in the range [0,m(max)
ab ], m(max)

ab ≡ 4E(B)
a E

(B)
b .
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Figure 4.6: Lepton-lepton invariant mass distribution with GMSB masses.
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Figure 4.7: Lepton-lepton invariant mass distribution with 2UED masses.
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Figure 4.8: Far-lepton�photon invariant mass distribution with GMSB masses.
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Figure 4.9: Far-lepton�photon invariant mass distribution with 2UED masses.
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Figure 4.10: Near-lepton�photon invariant mass distribution with GMSB
masses.
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Figure 4.11: Near-lepton�photon invariant mass distribution with 2UEDmasses.
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Figure 4.12: Observable lepton-photon invariant mass distribution with GMSB
masses.
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Figure 4.13: Observable lepton-photon invariant mass distribution with 2UED
masses.
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Figure 4.14: High lepton-photon invariant mass distribution with GMSBmasses.
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Figure 4.15: High lepton-photon invariant mass distribution with 2UED masses.
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Figure 4.16: Low lepton-photon invariant mass distribution with GMSB masses.
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Figure 4.17: Low lepton-photon invariant mass distribution with 2UED masses.
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Figure 4.18: Lepton-lepton-photon invariant mass distribution with GMSB
masses.
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Figure 4.19: Lepton-lepton-photon invariant mass distribution with 2UED
masses.
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Figure 4.20: Quark-photon invariant mass distribution with GMSB masses.
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Figure 4.21: Quark-photon invariant mass distribution with 2UED masses.
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Chapter 5

Monte Carlo Simulations

Lastly we approach the question whether from real experimental data it would
be possible to determine the spin of these EP, given the invariant mass dis-
tributions of Chapter 4. As a �rst step, we generated Monte Carlo events at
the parton level with CompHEP [28]. We have chosen the number events ar-
bitrarily and in order to simulate realistic experiments, the histograms have to
be normalized taking in account the production cross sections, the branching
ratios, the luminosity of the collider and the experimental cuts, which separate
the GMSB/2UED events from the SM background.

5.1 Normalization
In order to get normalized histograms for the decay chains with GMSB masses,
we scale them with the factor

kGMSB =
NH
N

, (5.1)

where NH = 2457 is the number of events of [7] for a luminosity 10 fb−1 and
after applying their cuts. N is the number of events of the histograms we
generated. For the 2UED mass spectrum, we have to scale the histograms with
the factor

k2UED = kGMSB
σ2UED

σGMSB
, (5.2)

where σGMSB and σ2UED are the cross sections of the GMSB and 2UED decay
chains. This gives us histograms taking account to the points listed above.

The GMSB cross section is calculated by multiplying the squark production
cross section with branching ratio for the speci�c decay chain. Since the gluino
mass is smaller than the squark mass, the squark mainly decays through cas-
cades with a gluino (g̃ → q q̃R → q q χ̃0

2). The branching ratio for a gluino
decaying to a 2 neutralino is

BR
(
g̃ → q q χ̃0

2

) ∼ 16 %. (5.3)

The neutralino then chooses our decay chain with a branching ratio

BR
(
χ̃0

2 → e+ e− γ G̃
)
∼ 26 %. (5.4)
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Lastly, the total squark production cross section, including squarks from gluino
decays, is written down in [7]: σq̃ = 7.6 pb. So, the cross section for the decay
chain in the GMSB model is

σGMSB = BR
(
g̃ → q q χ̃0

2

)× BR
(
χ̃0

2 → e+ e− γ G̃
)
× σq̃ ∼ 0.3 pb. (5.5)

The cross section for the 2UED decay chain is calculated in a similar way.
The branching ratios for a KK-quark decaying to a KK-Z-boson and the KK-
Z-boson to a electron pair and a photon are

BR
(
Q

(1)
+ → Z(1) q

)
∼ 6.4 %, (5.6)

BR
(
Z(1) → e+ e− γ B(1)

H

)
∼ 0.5%. (5.7)

With a compactifying radius R−1 = 500 GeV the KK-quark production cross
sections are

σ
Q

(1)
+ Q

(1)
+
∼ 7 pb, σ

Q
(1)
+ Q

(1)
−
∼ 18 pb,

σ
G

(1)
µ G

(1)
µ
∼ 10 pb, σ

G
(1)
µ Q

(1)
+
∼ 24 pb,

σ
G

(1)
µ Q

(1)
−
∼ 26 pb. (5.8)

There are additional production channels involving the scalar G(1)
H and weakly

coupled particles which have been neglected here. In the last three production
channels the KK-gluon can decay to a weak-doublet KK-quark with a branching
ratio of

BR
(
G(1)
µ → Q

(1)
+ q

)
∼ 50 %. (5.9)

These branching ratios and the di�erent KK-quark production cross sections
are listed in [12]. So we end up with the 2UED cross section for the decay chain

σ2UED = BR
(
Q

(1)
+ → Z(1) q

)
× BR

(
Z(1) → e+ e− γ B(1)

H

)

×
(

2 σ
Q

(1)
+ Q

(1)
+

+ σ
Q

(1)
+ Q

(1)
−

+ 2 BR
(
G(1)
µ → Q

(1)
+ q

)
σ
G

(1)
µ G

(1)
µ

+
(
1 + BR

(
G(1)
µ → Q

(1)
+ q

))
σ
G

(1)
µ Q

(1)
+

+ BR
(
G(1)
µ → Q

(1)
+ q

)
σ
G

(1)
µ Q

(1)
−

)

∼ 0.03 pb. (5.10)

Thus we obtain 10 times fewer events in the 2UED case compared to the GMSB
model.

5.2 The χ2 Test
In order to discriminate these normalized histograms [29] we calculated for each
pair of spin con�gurations and each distribution a χ2 value and so the χ2 prob-
ability.

We consider two histograms with r bins. The number of events in the ith
bin in the �rst histogram is denoted as ni and in the second as mi. The total
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numbers of events are N =
∑r
i=1 ni andM =

∑r
i=1mi respectively. In order to

discriminate two histograms we test the hypothesis of homogeneity, which says
that the two histograms represent random numbers with identical probability
distributions. I.e. there exist r constants p1, · · · , pr, such that

∑r
i=1 pi = 1. pi

is the probability for a measured value of belonging to the ith bin. The num-
ber of events in the ith bin is distributed according to the Poisson distribution
e−Npi(Npi)ni/ni! for the �rst histogram and e−Mpi(Mpi)mi/mi! for the sec-
ond. If the hypothesis of homogeneity is valid, then the maximum likelyhood
estimator of pi is

p̂i =
ni +mi

N +M
, i = 1, · · · , r. (5.11)

We de�ne

X2 =
r∑

i=1

(ni −Np̂i)2

Np̂i
+

r∑

i=1

(mi −Mp̂i)2

Mp̂i
=

1
MN

r∑

i=1

(Mni −Nmi)2

ni +mi
, (5.12)

which has approximately a χ2
(r−1) distribution, r−1 being the number of degrees

of freedom.
The probability distribution for χ2 is given by

P (χ2; r − 1) =
2−(r−1)/2

Γ((r − 1)/2)
χr−3e−χ

2/2. (5.13)

The probability that an observed χ2 exceeds the value X2 by chance, even for
a correct model, is

Prob(X2; r − 1) =
∫ ∞

X2
P (χ2; r − 1)dχ2. (5.14)

This is called the χ2 probability. It is the probability that two histograms with
the same underlying distribution give a larger χ2 than we already have. The
hypotheses of homogeneity is rejected if the χ2 probability is lower than some
signi�cance level. Traditionally signi�cance levels 0.1, 0.05 and 0.01 are used.

5.3 Results
The χ2 probability changes its value for di�erent numbers of bins r. In our
analysis r = 2 gave the best discrimination capability. In Appendix C we list the
di�erent results. A value of 1 implies that there is no discrimination possibility
between the two distributions and 0 signi�es that the two histograms are well
distinguishable. We choose a con�dence level of 95 %, i.e. two histograms with
a χ2 probability less than 0.05 are regarded as two di�erent distributions, which
is true in 95 % of the cases.

With this con�dence level we can distinguish all spin con�gurations in the
GMSB mass scenario assuming an integrated luminosity1 of 10 fb−1 (table 5.1)
� if we take in account all di�erent invariant mass distributions. In the 2UED
mass scenario it gets more di�cult, where we cannot distinguish the spin con-
�gurations FSFG-VFVS, FSFG-VFSV, FSFG-SFVS and VFSV-SFVS with a
con�dence level of 95 % (table 5.2). Nevertheless, assuming a luminosity of
30 fb−1, all histograms are distinguishable but FSFG-VFVS (table 5.3).
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FSFG VFVS VFSV SFVS SFSV
FSFG � 0.019 0.000 0.000 0.000
VFVS � 0.000 0.000 0.000
VFSV � 0.000 0.000
SFVS � 0.000
SFSV �

Table 5.1: Minimal χ2 probabilities for the GMSB mass spectrum at 10 fb−1,
taking in account all di�erent invariant mass distributions

FSFG VFVS VFSV SFVS SFSV
FSFG � 0.574 0.074 0.142 0.000
VFVS � 0.019 0.051 0.000
VFSV � 0.257 0.000
SFVS � 0.000
SFSV �

Table 5.2: Minimal χ2 probabilities for the 2UED mass spectrum at 10 fb−1,
taking in account all di�erent invariant mass distributions

However it is important to point out that these numbers in the tables cor-
respond to perfect experimental conditions. In real-life experiments a lot of
di�erent e�ects may a�ect these curves. To name a few:

• In order to isolate the decay chain from the SM background cuts have to
be applied (e.g. on the missing energy) which can alter the distribution
curves.

• Since the squarks/ KK-quarks are always produced in pairs, the �other�
squark/ KK-quark also decays in the LSP, contributes to the missing en-
ergy and thus can a�ect cuts.

• The decaying particles can emit additional photons, which can be mis-
staken for the photon in the decay chain.

• The detector resolution and e�ciency also e�ect the shapes of the invariant
mass distribution.

• In order to carry out this spin analysis, the masses of the involved particles
have to be quanti�ed with some kinematical measurements, which account
for a further uncertainity.

In order to take these e�ects into account we would have to interface the Com-
pHEP events into Pythia [30] linked to a detector simulation such as ATLFAST
[31]. However this has not been accomplished within this thesis.

1An integrated luminosity of 10 fb−1 corresponds to one year of running at 1033 cm−2s−1.
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FSFG VFVS VFSV SFVS SFSV
FSFG � 0.330 0.002 0.011 0.000
VFVS � 0.000 0.001 0.000
VFSV � 0.050 0.000
SFVS � 0.000
SFSV �

Table 5.3: Minimal χ2 probabilities for the 2UED mass spectrum at 30 fb−1,
taking in account all di�erent invariant mass distributions
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Chapter 6

Summary and Conclusions

The Standard Model of particle physics (SM) is very successful in describing
fundamental interactions of elementary particles that have been explored in high
energy experiments over the past century. However, there are shortcomings on
the theoretical and on the phenomenological side. For example the Higgs boson
gets corrections that are some 30 orders of magnitude bigger than its Lagrangian
mass. This is considered as unnatural and composes one of several theoretical
defects of the SM. From a phenomenological point of view, it would be nice to
incorporate a description of dark matter, which is responsible for cosmological
e�ects on di�erent length scales (rotation curves of galaxies, cosmic microwave
background, to name a few).

Extensions to the Standard Model are able to cure some of these de�ciencies
� but not all of them. Furthermore, they often provide us with a whole set of
partners to the SM particles. So, gathering information about newly measured
particles (such as spin and mass), may give us hints about the unterlying theory,
which extends the SM. One way to learn something about these new particles
is through high energy experiments, such as the LHC which is going to produce
data within the next years.

Lately some groups have studied the decays of the quark partner with one
quark jet and one lepton pair. In this thesis we compared a supersymmetric
model � gauge mediated supersymmetry breaking (GMSB) � with an extra-
dimensional model � two universal extra dimensions (2UED). Both have the
characteristic to emit a photon when a SM-partner decays. So we concentrated
ourselves on decay chains with one lepton pair and one photon. In order to
study model discrimination in a general way we considered �ve generic decay
chains FSFG, VFVS, VFSV, SFVS and SFSV (�gure 4.1).

First, we calculated analytical expressions for the di�erent invariant mass
distributions (�gures 4.6 to 4.21). The shapes of these distributions give us
information about the spin of the decaying and the intermediate particles. In
order to formulate this quantitatively we generated Monte Carlo events with
the parton level generator CompHEP and created histograms for the di�erent
invariant masses at a collider luminosity of 10 fb−1. These histograms can be
compared for the di�erent models using the χ2 test (Appendix C). As table
5.1 shows, we can distinguish the di�erent spin con�gurations assuming GMSB
masses with a con�dence level of 95 %, if we consider all di�erent mass dis-
tributions. On the other hand, if we assume the masses to be of 2UED type,
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it will be harder to separate the di�erent models. Especially the spin con�g-
urations FSFG-VFVS, FSFG-VFSV, FSFG-SFVS and VFSV-SFVS cannot be
distinguished with that con�dence level. Calculating the χ2 probabilities for an
integrated luminosity of 30 fb−1 only the spin con�gurations FSFG-VFVS stay
indistinguishable.

However, the values we calculated correspond to perfect experimental con-
ditions. In order to get more realistic data, we should generate the Monte Carlo
data with a general purpose event generator, which also takes into account dif-
ferent factors such as �nal state radiation and detector e�ects. This will be
done in a following analysis with the event generator Pythia and the detector
simulation ATLFAST.
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Appendix A

Matrix Element Calculation

A.1 2UED Feynman Rules
F

(1)
±

F
(0)
±

Z(1)
µ = −igW γµPL/R

F
(1)
±

F
(0)
±

A(1)
µ = −igW γµPL/R

F
(1)
±

F
(0)
±

Z
(1)
H = −igWPL/R

F
(1)
±

F
(0)
±

A
(1)
H = −igWPL/R

Aµ

A
(1)
H

A(1)
µ

p

p′

p − p′ ∝ εµναβε∗µ(p− p′)εν(p)pαp′β
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A.2 Matrix Element Squared

|MV FV S |2 =
1
m2
D

8
(
(papB)

(
m2
Cm

2
D(papc)(pbpB)− 2

(
2(pbpD)(pcpD)m2

Cm
2
B

+ (pbpc)m2
Cm

2
Dm

2
B − 2m2

D(pbpC)(pcpC)m2
B − 4(pbpC)(pcpD)(pCpD)m2

B

+ 4(pbpB)(pBpD)(pcpD)m2
C + 2(pbpB)(pBpc)m2

Cm
2
D + (papC)(pbpB)(pcpC)m2

D

− 4m2
D(pbpB)(pBpC)(pcpC)−m2

C(papD)(pbpB)(pcpD)
+2(papC)(pbpB)(pcpD)(pCpD)− 8(pbpB)(pBpC)(pcpD)(pCpD)))

+ (papb)
(
2

(
(papC)

(
(pcpC)m2

D + 2(pcpD)(pCpD)
)−m2

C(papD)(pcpD)
)
m2
B

+ (papc)
(−m2

B

)
m2
Cm

2
D + (papB)

(
(pBpc)m2

Dm
2
C + 2(pBpD)(pcpD)m2

C

−2(pBpC)
(
(pcpC)m2

D + 2(pcpD)(pCpD)
)))− (

m2
A −m2

B

) (
(pbpc)m2

Bm
2
Cm

2
D

+ 2
((
m2
C(pbpD)(pcpD)− (pbpC)

(
(pcpC)m2

D + 2(pcpD)(pCpD)
))
m2
B

+ (pbpB)
(
(pBpc)m2

Dm
2
C + 2(pBpD)(pcpD)m2

C

−2(pBpC)
(
(pcpC)m2

D + 2(pcpD)(pCpD)
)))))

(A.1)

|MV FSV |2 = −8(papB)2
(
m2
D(pbpc) + 2(pbpD)(pcpD)

)

m2
D

(A.2)

|MSFV S |2 = −8
(
(papb)

(−m2
B(papc) + (papB)(pBpc)

)

+ (papB)
(
(papc)(pbpB)− 2m2

B(pbpc)− 4(pbpB)(pBpc)
)

− (
m2
A −m2

B

) (
m2
B(pbpc) + 2(pbpB)(pBpc)

))
(A.3)

|MSFSV |2 =
8

(
m2
B − 2(papB)

)
(papB)2

(
m2
C(pbpc)− 2(pbpC)(pcpC)

)

m2
A

(A.4)

|MFV S |2 = −16
(
(papB)

(−2m2
B(pbpC) + (pbpB)((papC)− 4(pBpC))

)

+ (papb)
(−m2

B(papC) + (papB)(pBpC)
)

− (
m2
A −m2

B

) (
m2
B(pbpC) + 2(pbpB)(pBpC)

) )
(A.5)
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Appendix B

Invariant Mass Distributions

B.1 Structures
Decay D → cC → cbB → cbaA with masses mA ≤ mB ≤ mC ≤ mD.

(mmax
ab )2 =

(m2
C −m2

B)(m2
B −m2

A)
m2
B

(mmax
ac )2 =

(m2
D −m2

C)(m2
B −m2
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(B.1)

B.1.1 The Far-Lepton�Photon Invariant Mass Distribu-
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B.1.2 The Near-Lepton�Photon Invariant Mass Distribu-
tion
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(B.3)

B.1.3 The High Lepton-Photon Invariant Mass Distribu-
tion

Hierarchy A11: mmax
ab < mmax

ac
mB

mC
< mmax

ac < mmax
c2

dP

dm2
lγh

=





C1hA11 0 ≤ m ≤ mmax
ab

C2hA11 mmax
ab < m ≤ mmax

ac
mB

mC

C3hA11 mmax
ac

mB

mC
< m ≤ mmax

c2

(B.4)
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Hierarchy A12: mmax
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B.1.4 The Low Lepton-Photon Invariant Mass Distribu-
tion
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B.1.5 Relations

C1f = C3A2

C1n = C2hA11 = C2hB1

C2n = C3hA11 = C3hA12 = C3hB1 = C3hB2 = C2lA2

C1hA11 = C1hA12 = C1hA2 = C1hB1 = C1hB2

C2hA12 = C2hA2 = C2hB2

C1lA1 = C1lA2 = C1lB (B.12)
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B.2.5 SFSV
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Appendix C

χ2 Probabilities

C.1 2 Bins
C.1.1 GMSB Mass Spectrum
Lepton-Photon Invariant Mass

FSFG VFVS VFSV SFVS SFSV
FSFG � 0.533 0.376 0.482 0.241
VFVS � 0.794 0.185 0.072
VFSV � 0.112 0.040
SFVS � 0.638
SFSV �

Lepton-Lepton Invariant Mass
FSFG VFVS VFSV SFVS SFSV

FSFG � 0.930 0.000 0.824 0.000
VFVS � 0.000 0.756 0.000
VFSV � 0.000 0.000
SFVS � 0.000
SFSV �

High�Lepton-Photon Invariant Mass
FSFG VFVS VFSV SFVS SFSV

FSFG � 0.019 0.110 0.000 0.008
VFVS � 0.000 0.000 0.747
VFSV � 0.000 0.000
SFVS � 0.000
SFSV �
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Low�Lepton-Photon Invariant Mass
FSFG VFVS VFSV SFVS SFSV

FSFG � 0.146 0.026 0.999 0.000
VFVS � 0.000 0.146 0.031
VFSV � 0.026 0.000
SFVS � 0.000
SFSV �

Lepton-Lepton-Photon Invariant Mass
FSFG VFVS VFSV SFVS SFSV

FSFG � 0.186 0.000 0.000 0.000
VFVS � 0.000 0.000 0.000
VFSV � 0.277 0.000
SFVS � 0.000
SFSV �

C.1.2 2UED Mass Spectrum
Lepton-Photon Invariant Mass

FSFG VFVS VFSV SFVS SFSV
FSFG � 0.961 0.874 0.936 0.983
VFVS � 0.912 0.974 0.979
VFSV � 0.938 0.891
SFVS � 0.953
SFSV �

Lepton-Lepton Invariant Mass
FSFG VFVS VFSV SFVS SFSV

FSFG � 0.574 0.074 0.200 0.000
VFVS � 0.019 0.065 0.000
VFSV � 0.612 0.000
SFVS � 0.000
SFSV �

High�Lepton-Photon Invariant Mass
FSFG VFVS VFSV SFVS SFSV

FSFG � 0.624 0.684 0.142 0.139
VFVS � 0.370 0.051 0.321
VFSV � 0.287 0.059
SFVS � 0.003
SFSV �
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Low�Lepton-Photon Invariant Mass
FSFG VFVS VFSV SFVS SFSV

FSFG � 0.929 0.670 0.513 0.544
VFVS � 0.607 0.485 0.605
VFSV � 0.820 0.302
SFVS � 0.208
SFSV �

Lepton-Lepton-Photon Invariant Mass
FSFG VFVS VFSV SFVS SFSV

FSFG � 0.783 0.925 0.220 0.677
VFVS � 0.712 0.134 0.888
VFSV � 0.257 0.610
SFVS � 0.101
SFSV �

C.2 5 Bins
C.2.1 GMSB Mass Spectrum
Lepton-Photon Invariant Mass

FSFG VFVS VFSV SFVS SFSV
FSFG � 0.430 0.112 0.035 0.005
VFVS � 0.009 0.005 0.006
VFSV � 0.228 0.000
SFVS � 0.000
SFSV �

Lepton-Lepton Invariant Mass
FSFG VFVS VFSV SFVS SFSV

FSFG � 0.992 0.000 0.878 0.000
VFVS � 0.000 0.968 0.000
VFSV � 0.000 0.000
SFVS � 0.000
SFSV �

High�Lepton-Photon Invariant Mass
FSFG VFVS VFSV SFVS SFSV

FSFG � 0.043 0.000 0.000 0.008
VFVS � 0.000 0.000 0.000
VFSV � 0.001 0.000
SFVS � 0.000
SFSV �
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Low�Lepton-Photon Invariant Mass
FSFG VFVS VFSV SFVS SFSV

FSFG � 0.589 0.008 0.000 0.000
VFVS � 0.000 0.000 0.000
VFSV � 0.007 0.000
SFVS � 0.000
SFSV �

Lepton-Lepton-Photon Invariant Mass
FSFG VFVS VFSV SFVS SFSV

FSFG � 0.221 0.000 0.000 0.000
VFVS � 0.000 0.000 0.000
VFSV � 0.002 0.000
SFVS � 0.000
SFSV �

C.2.2 2UED Mass Spectrum
Lepton-Photon Invariant Mass

FSFG VFVS VFSV SFVS SFSV
FSFG � 1.000 0.996 0.997 1.000
VFVS � 0.999 0.999 1.000
VFSV � 1.000 0.999
SFVS � 0.998
SFSV �

Lepton-Lepton Invariant Mass
FSFG VFVS VFSV SFVS SFSV

FSFG � 0.964 0.356 0.687 0.000
VFVS � 0.094 0.289 0.000
VFSV � 0.986 0.000
SFVS � 0.000
SFSV �

High�Lepton-Photon Invariant Mass
FSFG VFVS VFSV SFVS SFSV

FSFG � 0.988 0.991 0.542 0.606
VFVS � 0.911 0.271 0.881
VFSV � 0.759 0.402
SFVS � 0.031
SFSV �
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Low�Lepton-Photon Invariant Mass
FSFG VFVS VFSV SFVS SFSV

FSFG � 0.999 0.922 0.504 0.801
VFVS � 0.849 0.387 0.900
VFSV � 0.937 0.310
SFVS � 0.057
SFSV �

Lepton-Lepton-Photon Invariant Mass
FSFG VFVS VFSV SFVS SFSV

FSFG � 0.973 0.967 0.572 0.525
VFVS � 0.811 0.347 0.608
VFSV � 0.772 0.159
SFVS � 0.043
SFSV �
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